THEORY OF THE SIEGEL MODULAR VARIETY

JAE-HYUN YANG

ABSTRACT. In this paper, we discuss the theory of the Siegel modular
variety in the aspects of arithmetic and geometry. This article covers the
theory of Siegel modular forms, the Hecke theory, a lifting of elliptic cusp
forms, geometric properties of the Siegel modular variety, (hypothetical)
motives attached to Siegel modular forms.
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1. Introduction
For a given fixed positive integer g, we let
H,= {QeCY¥ Q=" ImQ>0}
be the Siegel upper half plane of degree g and let
Sp(g,R) = {M € R®929) | ‘MM = J, }

be the symplectic group of degree g, where F(*!) denotes the set of all k x I
matrices with entries in a commutative ring F' for two positive integers k and
1, *M denotes the transposed matrix of a matrix M and

0 I
Jy= 3t
g (—Ig 0

Then Sp(g,R) acts on H, transitively by
(1.1) M-Q=(AQ+ B)(CQ+ D)1,

A B) € Sp(g,R) and Q € H,. Let

where M = (C D

Iy =5p(9,Z) = {(é ZB;) € Sp(g,R) } A, B,C, D integral }

be the Siegel modular group of degree g. This group acts on H, properly
discontinuously. C. L. Siegel investigated the geometry of H, and automorphic
forms on H, systematically. Siegel [131] found a fundamental domain F, for
I',\H, and described it explicitly. Moreover he calculated the volume of F.
We also refer to [65],[92], [131] for some details on F,. Siegel’s fundamental
domain is now called the Siegel modular variety and is usually denoted by A,.
In fact, Ag is one of the important arithmetic varieties in the sense that it is
regarded as the moduli of principally polarized abelian varieties of dimension
g. Suggested by Siegel, I. Satake [117] found a canonical compactification, now
called the Satake compactification of A,. Thereafter W. Baily [6] proved that
the Satake compactification of A, is a normal projective variety. This work was
generalized to bounded symmetric domains by W. Baily and A. Borel [7] around
the 1960s. Some years later a theory of smooth compactification of bounded
symmetric domains was developed by Mumford school [5]. G. Faltings and C.-
L. Chai [30] investigated the moduli of abelian varieties over the integers and
could give the analogue of the Eichler-Shimura theorem that expresses Siegel
modular forms in terms of the cohomology of local systems on A,. I want to
emphasize that Siegel modular forms play an important role in the theory of
the arithmetic and the geometry of the Siegel modular variety A,.

The aim of this paper is to discuss a theory of the Siegel modular variety in
the aspects of arithmetic and geometry. Unfortunately two important subjects,
which are the theory of harmonic analysis on the Siegel modular variety, and
the Galois representations associated to Siegel modular forms are not covered
in this article. These two topics shall be discussed in the near future in the
separate papers. This article is organized as follows. In Section 2, we review the
results of Siegel and Maass on invariant metrics and their Laplacians on Hy. In
Section 3, we investigate differential operators on H, invariant under the action
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(1.1). In Section 4, we review Siegel’s fundamental domain ¥, and expound
the spectral theory of the abelian variety Aq associated to an element Q of F.
In Section 5, we review some properties of vector valued Siegel modular forms,
and also discuss construction of Siegel modular forms and singular modular
forms. In Section 6, we review the structure of the Hecke algebra of the group
GSp(g,Q) of symplectic similitudes and investigate the action of the Hecke
algebra on Siegel modular forms. In Section 7, we briefly illustrate the basic
notion of Jacobi forms which are needed in the next section. We also give a
short historical survey on the theory of Jacobi forms. In Section 8, we deal with
a lifting of elliptic cusp forms to Siegel modular forms and give some recent
results on the lifts obtained by some people. A lifting of modular forms plays
an important role arithmetically and geometrically. One of the interesting
lifts is the so-called Duke-Imamoglu-Tkeda lift. We discuss this lift in some
detail. In Section 9, we give a short survey of toroidal compactifications of the
Siegel modular variety 4, and illustrate a relationship between Siegel modular
forms and holomorphic differential forms on A,. Siegel modular forms related
to holomorphic differential forms on A, play an important role in studying the
geometry of A,. In Section 10, We investigate the geometry of subvarieties of
the Siegel modular variety. Recently Grushevsky and Lehavi [45] announced
that they proved that the Siegel modular variety Ag of genus 6 is of general
type after constructing a series of new effective geometric divisors on A,. Before
2005 it had been known that A, is of general type for g > 7. In fact, in 1983
Mumford [102] proved that A, is of general type for g > 7. Nearly past twenty
years nobody had known whether Ag is of general type or not. In Section 11, we
formulate the proportionality theorem for an automorphic vector bundle on the
Siegel modular variety following the work of Mumford (cf. [101]). In Section 12,
we explain roughly Yoshida’s interesting results about the fundamental periods
of a motive attached to a Siegel modular form. These results are closely related
to Deligne’s conjecture about critical values of an L-function of a motive and
the (pure or mixed) Hodge theory.

Finally I would like to give my hearty thanks to Hiroyuki Yoshida for ex-
plaining his important work kindly and sending two references [162, 163] to
me.

Notations: We denote by Q, R and C the field of rational numbers, the field
of real numbers and the field of complex numbers respectively. We denote by
Z and Z* the ring of integers and the set of all positive integers respectively.
The symbol “:=” means that the expression on the right is the definition of
that on the left. For two positive integers k and I, F*! denotes the set of
all k£ x [ matrices with entries in a commutative ring F. For a square matrix
A € FF) of degree k, o(A) denotes the trace of A. For any M € F*D 1
denotes the transposed matrix of M. I,, denotes the identity matrix of degree
n. For A€ F*D and B € F*®F) e set B[A] = 'ABA. For a complex matrix
A, A denotes the complex conjugate of A. For A € C*D and B € C*F) | we
use the abbreviation B{A} = ‘ABA. For a number field F, we denote by Ap
the ring of adeles of F. If FF = Q, the subscript will be omitted. We denote
by Ar; and Ay the finite part of Az and A respectively. By Q we mean the
algebraic closure of Q in C.
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2. Invariant Metrics and Laplacians on Siegel Space

For Q = (w;;) € Hy, we write Q@ = X +¢Y with X = (2;;), ¥ = (y;;) real
and dQ = (dw;;). We also put

i_ 1+ 05 0 and i_ 1+ 05 0

C. L. Siegel [131] introduced the symplectic metric ds? on H, invariant under
the action (1.1) of Sp(g,R) given by

(2.1) ds* = o(Y1dQY ~1dQ)

and H. Maass [91] proved that its Laplacian is given by

- seao(vi(v2) 2)

And
(2.3) dvg(Q) = (det V)@ T dai; [ dyy

1<i<j<g 1<i<j<g

is a Sp(g, R)-invariant volume element on H, (cf. [133], p. 130).

Theorem 2.1. (Siegel [131]). (1) There exists exactly one geodesic joining
two arbitrary points Qo, Q1 in Hy. Let R(Qo, Q1) be the cross-ratio defined by
(2.4) R(Q0,01) = (R0 — 1) (0 — Q1) Qo — Q1) (Qp — Q1)L
For brevity, we put R, = R(0,Q1). Then the symplectic length p(Qo, ) of
the geodesic joining Qo and € is given by

2

1+ R?
(2.5) p(Q0, %) =0 <log . Rl) ;
1—-R:

where
2

1 2
1+ R2 = Rk
log = 4R, *
( 1—Ré> (Z;)%“)

(2) For M € Sp(g,R), we set

QOZM'QO and leM-Ql.

Then R(Q1,Q0) and R(Q1,Q0) have the same eigenvalues.
(8) All geodesics are symplectic images of the special geodesics

(26) O[(t) = idiag(aﬁ,ag,"' aaf])a
where ay,az, - -+ ,aq are arbitrary positive real numbers satisfying the condition
g
(logay)® = 1.

k=1
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The proof of the above theorem can be found in [131], pp. 289-293.

Let

Dy = { W eCO) | W ='W, I, -WW >0}

be the generalized unit disk of degree g. The Cayley transform ¥ : D, — H,
defined by
(2.7) Y(W)=i(l,+ W), -W), WeD,
is a biholomorphic mapping of D, onto H, which gives the bounded realization
of H, by D, (cf. [131]). A. Koranyi and J. Wolf [81] gave a realization of a
bounded symmetric domain as a Siegel domain of the third kind investigating
a generalized Cayley transform of a bounded symmetric domain that generalizes
the Cayley transform W of D,.

Let

_ 1 I Iy

= -7 (7 i)

be the 2g x 2¢g matrix represented by ¥. Then

(2.9) T 'Sp(g,R)T = {(g g)

‘PP 'QQ — I,, 'PO - QP } .

Indeed, if M = (g ]B;> € Sp(g,R), then

(2.10) T7'MT = (g g)
where

(2.11) P:%{(A+D)+z’(B—C)}
and

(2.12) Q:%{(A—D)—i(BJrC)}.

For brevity, we set
G, =T71Sp(g,R)T.
Then G, is a subgroup of SU(g, g), where

- 1, 0
SU(g,9) = {h € CYO9 | 'hiy  h=1,, } R ( o Ig) :
In the case g = 1, we observe that

T 'Sp(1,R)T = T~ 'SLy(R)T = SU(1,1).

If g > 1, then G, is a proper subgroup of SU(g, ). In fact, since ‘T J, T = — i J,,
we get

(2.13) G.= {h € SU(g,9)| "hJgh = Jg} = SU(g,9) N Sp(g,C),

where
Sp(g,C) = {a € C¢29:29) ‘ fadya=J, }
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P+={<%’ IZ) ‘Z:tZe(C(g’g)}
g

be the P*-part of the complexification of G, C SU(g,g). We note that the

Harish-Chandra decomposition of an element (P Q) in G, is

Let

Q P

(P Q)(Ig QP_1> P-QP 'Q 0 ( I, 0)
Q P) \o 1, 0 PI\P'Q 1,)

For more detail, we refer to [75, p. 155]. Thus the PT-component of the follow-

ing element
P @ I, W
(6 #)-( 1) wen

of the complexification of G is given by

(2.14) <qu (PW+Q)(I?W+p)—1>'

We note that Qﬁ_l € Dy. We get the Harish-Chandra embedding of D, into
Pt (cf. [75, p.155] or [120, pp. 58-59]). Therefore we see that G, acts on D,
transitively by

(2.15) (g g)-WZ(PW+Q)(QW+P)—1, (g %

The isotropy subgroup K, of G, at the origin o is given by

K*:{(]OD ]03> ‘PeU(g)}.

Thus G./K, is biholomorphic to D,. It is known that the action (1.1) is
compatible with the action (2.15) via the Cayley transform ¥ (cf.(2.7)). In
other words, if M € Sp(g,R) and W € D, then

(2.16) M- U(W) = U(M, - W),
where M, =T *MT € G..
For W = (w;;) € Dy, we write dW = (dw;;) and dW = (dw,;). We put

i_ 1+4; 0 and i_ 1+46; 0
ow 2 8ww oW n 2 6@1']‘ '

Using the Cayley transform U : D, — H,, Siegel showed (cf. [131]) that

)EG*, W e D,.

(2.17) ds? = 40((19 — WW) "W (I, — WW)*ldW)

is a G,-invariant Riemannian metric on D, and Maass [91] showed that its
Laplacian is given by

(2.18) A.=o ((Ig — WW)t<(Ig - WW)(;?/V) aiv) .
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3. Invariant Differential Operators on Siegel Space

For brevity, we write G = Sp(g,R). The isotropy subgroup K at il, for the
action (1.1) is a maximal compact subgroup given by

B A

Let ¢ be the Lie algebra of K. Then the Lie algebra g of G has a Cartan
decomposition g = € @ p, where

p:{@( _};(>’X:tX, Y = ty, X,YER(-’“?)}.

The subspace p of g may be regarded as the tangent space of H, at /4. The
adjoint representation of G on g induces the action of K on p given by

(3.1) k-Z=kZ'%, keK, Zcp.

K = {(A B) ‘ A'A+B'B=1, A'B= B, A,Bemgvg)}.

Let T, be the vector space of g x g symmetric complex matrices. We let
Y 1 p — Ty be the map defined by

X Y . X Y
o () exem (5 e
We let § : K — U(g) be the isomorphism defined by

A -B , A -B
o o((4 F))mavin (4 Pex

where U(g) denotes the unitary group of degree g. We identify p (resp. K)
with T, (resp. U(g)) through the map ¥ (resp. 6). We consider the action of
U(g) on T, defined by

(3.4) h-Z=hZ'h, heUl(g), Z€T,.

Then the adjoint action (3.1) of K on p is compatible with the action (3.4) of
U(g) on T, through the map 1. Precisely for any k € K and w € p, we get
(3.5) Blkwh) = 6(k) B(w) 6 (k).

The action (3.4) induces the action of U(g) on the polynomial algebra Pol(T})
and the symmetric algebra S(T,) respectively. We denote by Pol(Tg)U(g)
(resp. S(T,)V) ) the subalgebra of Pol(7}) (resp. S(Ty) ) consisting of U(g)-

invariants. The following inner product ( , ) on T, defined by
(Z,W) = tr(ZW), Z,W el

gives an isomorphism as vector spaces

(3.6) T,2T;, Zw fz, ZeTy,

where T denotes the dual space of Ty and fz is the linear functional on T}
defined by

f2(W) = (W,2), W eT,
It is known that there is a canonical linear bijection of S (Tg)U(g) onto the
algebra D(H,) of differential operators on H, invariant under the action (1.1)
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of G. Identifying T,, with Ty by the above isomorphism (3.6), we get a canonical
linear bijection

(3.7) @ : Pol(T,)V9) — D(H,)

of Pol(Ty)V9 onto D(H,). The map & is described explicitly as follows. Simi-
larly the action (3.1) induces the action of K on the polynomial algebra Pol(p)
and S(p) respectively. Through the map v, the subalgebra Pol(p)X of Pol(p)
consisting of K-invariants is isomorphic to Pol(Tg)U(g). We put N =g(g+1).
Let {¢,] 1 <a < N} be a basis of p. If P € Pol(p)¥X, then

) e ()],

(ta):()

(38)  (o(P)f)(9K) =

where f € C*(H,). We refer to [53, 54] for more detail. In general, it is hard
to express ®(P) explicitly for a polynomial P € Pol(p)¥.

According to the work of Harish-Chandra [46, 47], the algebra D(H,) is
generated by g algebraically independent generators and is isomorphic to the
commutative ring Clxy,--- , 4] with g indeterminates. We note that g is the
real rank of G. Let g¢ be the complexification of g. It is known that D(H,) is
isomorphic to the center of the universal enveloping algebra of ge¢ (cf. [129]).

Using a classical invariant theory (cf. [58, 147]), we can show that Pol(7,)V(9)
is generated by the following algebraically independent polynomials

(3.9) 4;(2) = tr((z7)j), i=1,2,--- g

For each j with 1 < j < g, the image ®(g;) of ¢; is an invariant differential
operator on H, of degree 2j. The algebra D(H,) is generated by g algebraically
independent generators ®(¢1), ®(g2),- -, ®(qq). In particular,

0\ 0
— t . |
(3.10) D(q1) = ey tr <Y <Y8§2) 89) for some constant c;.

We observe that if we take Z = X+4iY withreal X, Y, then ¢;(Z2) = ¢1(X,Y) =
tr(X2 + Y2) and

0:(2) = (X,Y) = tr((X2 472+ 2X (XY - YX)Y ).

We propose the following problem.
Problem. Express the images ®(g;) explicitly for j =2,3,--- ,g.

We hope that the images ®(g;) for j =2,3,--- , g are expressed in the form
of the trace as ®(qq).

Example 3.1. We consider the case g = 1. The algebra Pol(Tl)U(l) is gener-
ated by the polynomial

q(z)=zz, zeC.
Using Formula (3.8), we get
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0? 0?
)
Therefore D(H; ) = (C[fb(q)].

Example 3.2. We consider the case g = 2. The algebra Pol(Tz)U(Q) is gener-
ated by the polynomial

w(2)=0(27), @2)=0((22)"), ZeT

Using Formula (3.8), we may express ®(¢q1) and ®(go) explicitly. ®(q1) is
expressed by Formula (3.10). The computation of ®(g2) might be quite tedious.
We leave the detail to the reader. In this case, ®(g2) was essentially computed
in [19], Proposition 6. Therefore D(H;) = C[®(g1), ®(gz2)]. The authors of [19]
computed the center of U(gc).

4. Siegel’s Fundamental Domain

We let
Py={Y erO9 |y ="y >0}

be an open cone in RY with N = g(g+1)/2. The general linear group GL(g, R)
acts on Py transitively by

(4.1) goY :=gY'lg, g€ GL(g,R), Y € P,.

Thus P, is a symmetric space diffeomorphic to GL(g,R)/O(g).

The fundamental domain R, for GL(g,Z)\P, which was found by
H. Minkowski [97] is defined as a subset of P, consisting of Y = (y;;) € P,
satisfying the following conditions (M.1)—(M.2) (cf. [65] p. 191 or [92] p. 123):

(M.1) aY'a > yg forevery a = (a;) € Z9 in which ay, - - -, ag4 are relatively
prime for k=1,2,--- ,g.

(M.2)  yrg+1 >0 fork=1,---,g—1.

We say that a point of R, is Minkowski reduced or simply M-reduced. Rq
has the following properties (R1)—(R4):

(R1) For any Y € P,, there exist a matrix A € GL(g,Z) and R € R, such
that Y = R[A] (cf. [65] p. 191 or [92] p.139). That is,

GL(g,Z) o Ry = Py.

(R2) R, is a convex cone through the origin bounded by a finite number of

hyperplanes. R, is closed in Py (cf. [92] p. 139).

(R3) f Y and Y[A] liein R, for A € GL(g,Z) with A # £, then Y lies on
the boundary OR, of R,. Moreover R, N (Ry[A]) # 0 for only finitely many
A€ GL(g,Z) (ct.[92] p.139).

(R4) If Y = (yi;) is an element of R, then

1 . .
Y11 Sy <o <yge and ‘yij‘<§yii for1<i<j<g.

We refer to [65] p. 192 or [92] pp. 123-124.
Remark. Grenier [43] found another fundamental domain for GL(g, Z)\P,.
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For Y = (yi;) € Py, we put

B o (1465 0O
dY = (dyi;) and — = < > v, ) .

Then we can see easily that
(4.2) ds* = o((Y1dY)?)

is a GL(g,R)-invariant Riemannian metric on P, and its Laplacian is given by
5\ 2
A= Y — )

_gtl
dpg(Y) = (det V)~ "= [ ] dyy;

1<

We also can see that

is a GL(g,R)-invariant volume element on P,. The metric ds? on P, induces the
metric ds% on R,. Minkowski [97] calculated the volume of R, for the volume
element [dY] := [],; dyi; explicitly. Later Siegel computed the volume of R,
for the volume element [dY] by a simple analytic method and generalized this
case to the case of any algebraic number field.

Siegel [131] determined a fundamental domain F, for T';\H,. We say that
Q=X +1Y € Hy with X, Y real is Siegel reduced or S-reduced if it has the
following three properties:

(S.1) det(Im (y-Q)) < det(Im (£2)) for all v € T'y;

(5.2) Y =ImQ is M-reduced, that is, Y € Ry ;

(S.3) |wiy| <4 for1<i,j<g, where X = (z;;).

Fy is defined as the set of all Siegel reduced points in H,. Using the highest
point method, Siegel proved the following (F1)—(F3) (cf. [65] pp.194-197 or
[92] p. 169):

(F1) Ty-Fg=Hy, ie., Hy =Uyer,v- Fy.

(F2) Fy is closed in Hy.

(F3) F,is connected and the boundary of F, consists of a finite number of
hyperplanes.

The metric ds® given by (2.1) induces a metric ds% on F,.

Siegel [131] computed the volume of Fy

g
(4.3) vol (Fy) =2 [[ = * T(k) ¢(2k),

k=1
where I'(s) denotes the Gamma function and ((s) denotes the Riemann zeta
function. For instance,

3 6 10

T 7" il
vol (Fp) = 3 vol (F) = 270° vol (F3) = 127575 vol (Fy) = 200930625
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For a fixed element Q2 € H;, we set
Lo:=79+17%,  79=119.

It follows from the positivity of Im Q that Lg is a lattice in C9. We see easily
that if © is an element of Hy, the period matrix Q, := (I, ) satisfies the
Riemann conditions (RC.1) and (RC.2):

(RC.1)  Q.J,, Q. =0.
(RC2) -10.J,'Q,>0.

Thus the complex torus Aq := CY9/Lgq is an abelian variety.

We fix an element ) = X +¢Y of H, with X = ReQ and Y = Im (). For a
pair (A, B) with A, B € Z9, we define the function Eq.4 5 : C¢ — C by

Eoap(Z) = 2mi(c("AU)+o((B-AX)Y 1 V)
where Z = U + iV is a variable in C9 with real U, V.

Lemma 4.1. For any A, B € Z9, the function Eq.a p satisfies the following
functional equation

EoaB(Z + X2+ p) = Eqap(Z), ZeCY
for all \,p € Z9. Thus Eq.a,p can be regarded as a function on Agq.

Proof. The proof can be found in [157]. O

We let L?(Aq) be the space of all functions f : Aq — C such that
1Flle = [ 17(2)dva.
Aq

where dvgq is the volume element on Aq normalized so that f Ag dvg = 1. The
inner product (, )o on the Hilbert space L?(Agq) is given by

(f.9)a = A f(2)g(Z) dva, f.g € L*(Ag).

Theorem 4.1. The set { Eq.a,5| A, B € Z9 } is a complete orthonormal basis
for L?(Agq). Moreover we have the following spectral decomposition of Aq:

L*(Ao)= P C:Equas.

A,Bezs

Proof. The complete proof can be found in [157]. O

5. Siegel Modular Forms

5.1. Basic Properties of Siegel Modular Forms

Let p be a rational representation of GL(g,C) on a finite dimensional com-
plex vector space V,,.
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Definition. A holomorphic function f : Hy — V), is called a Siegel modular
form with respect to p if

(5.1)  f(y-9) = F((AQ+ B)(CQ+ D)) = p(CQ + D) ()
for all é’ g) € I'y and all Q@ € H,. Moreover if g = 1, we require that f is

holomorphic at the cusp oco.

We denote by M,(I'y) the vector space of all Siegel modular forms with
respect to I'y. If p = det® for k € Z, a Siegel modular form f with respect to
p satisfies the condition

(5.2) f(y-Q) =det(CQ+ D)* f(Q),

where v and Q are as above. In this case f is called a (classical) Siegel modular
form on Hy of weight k. We denote by M (T'y) the space of all Siegel modular
forms on H, of weight k.

Remark. (1) If p = p; @ ps is a direct sum of two finite dimensional rational
representations of GL(g,C), then it is easy to see that M,(T'y) is isomorphic
to M,, (T'g) ® M,, (T'y). Therefore it suffices to study M,(I'y) for an irreducible
representation p of GL(g,C).

(2) We may equip V, with a hermitian inner product ( , ) satisfying the fol-
lowing condition

(5.3) (p(m)vl,vg) = (vl,p(tx)vg), x € GL(g,C), vi,vs €V,

For an irreducible finite dimensional representation (p, V,) of GL(g,C), there
exist a highest weight k(p) = (k1,--- ,kg) € Z9 with k; > --- > k, and a highest
weight vector v,(# 0) € V, such that

g
p(diag(a1,~- ,ag))vp = Hafi Vp, a1, ,ae € CX.
i=1

Such a vector v, is uniquely determined up to scalars. The number k(p) :=
kg is called the weight of p. For example, if p = det”, its highest weight is
(k,k,--- , k) and hence its weight is k.

Assume that (p, V) is an irreducible finite dimensional rational representa-
tion of GL(g,C). Then it is known [65, 92] that a Siegel modular form f in
M,(T'y) admits a Fourier expansion

654 £(0) = 3 alr) érieo),
T>0

where T' runs over the set of all half-integral semi-positive symmetric matrices

of degree g. We recall that T is said to be half-integral if 2T is an integral

matrix whose diagonal entries are even.

Theorem 5.1. (1) If kg is odd, then My(T'y) = 0.

(2) If k < 0, then My(T'y) = 0.

(8) Let p be a non-trivial irreducible finite dimensional representation of GL(g, C)
with
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highest weight (ki1,--- ,kg). If M,(Ty) # {0}, then kg > 1.
(4) If f € M,(Ty), then f is bounded in any subset H(c) of H, given by the
form

H(c) :={QeH,| ImQ>cl,}

with any positive real number ¢ > 0.

5.2. The Siegel Operator

Let (p,V,) be an irreducible finite dimensional representation of GL(g,C).
For any positive integer r with 0 < r < g, we define the operator ®,, on
M,(T'y) by

(55)  (®p0f)(h) == lim f<(%1 Z.HS_T)), f e M,(T,), © €H,.

t— 00

We see that @, , is well-defined because the limit of the right hand side of (5.5)
exists (cf. Theorem 5.1. (4)). The operator ®,, is called the Siegel operator.
A Siegel modular form f € M,(T'y) is said to be a cusp form if ®, 41 f = 0.
We denote by S,(I'y) the vector space of all cusp forms on H, with respect to

p. Let Vp(r) be the subspace of V, spanned by the values
{(@prf) ()| € H,, feM,(Ty)}.

According to [143], Vp(r) is invariant under the action of the subgroup

{5 0)]ecctmo}.

Then we have an irreducible rational representation p(") of GL(r,C) on V,,(T)
defined by

Oy = p( (¢ 0 (r)
(@) :=p ((0 Igr>) v, a€GL(r,C), veV".

We observe that if (ki,--- ,kg) is the highest weight of p, then (ki,--- , k) is
the highest weight of p(").

Theorem 5.2. The Siegel operator ®yopr . : My(T'y) — My(T',) is surjective
for k even with k > ggﬁ.

The proof of Theorem 5.2 can be found in [144].

We define the Petersson inner product (, )p on M,(I'y) by

(5.6) <f1,f2>P::/ (P(Im Q) £1(Q), £2(Q)) dvg(Q),  f1, f2 € M,(Ty),

Fy
where F, is the Siegel’s fundamental domain, ( , ) is the hermitian inner
product defined in (5.3) and dvy(f2) is the volume element defined by (2.3).
We can check that the integral of (5.6) converges absolutely if one of f; and f
is a cusp form. It is easily seen that one has the orthogonal decomposition

Mp(rg) = Sp(Fg) ©® Sp(Fg)J_y
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where
Sp(Tg) ={f € My(Ty)| (f,h)p =0 for all h € S,(Ty) }
is the orthogonal complement of S,(I'y) in M,(T'y).

5.3. Construction of Siegel Modular Forms

In this subsection, we provide several well-known methods to construct Siegel
modular forms.

(A) KLINGEN’S EISENSTEIN SERIES
Let r be an integer with 0 < r < g. We assume that k is a positive even

integer. For 2 € H, we write

Q *
Q:(*l QQ>, Q eH,, QyeH, .

For a fixed cusp form f € Si(T;,) of weight k, H. Klingen [73] introduced the
Eisenstein series E, , 5 (f) formally defined by

(5.7)
E Q) = Q)1) -det(CQ+ D)k, 4= (4 B)er
Q’T,k(f)( )_ Z f((Py )1) e( + ) ’ V= C D € Rl
YEP\Ig
where
Al 0 Bl *
_ x U = * A B
=31é o b erg’ (Cﬁ D1> eT,, UeGL(g—r2)

0o 0o o ‘Ut

is a parabolic subgroup of I'y. We note that if r = 0, and if f = 1 is a constant,
then

Bgor() =) det(CQ+ D)7,
C,D

where (é g) runs over the set of all representatives for the cosets GL(g, Z)\I'y.

Klingen [73] proved the following :

Theorem 5.3. Let g > 1 and let v be an integer with 0 < r < g. We assume
that k is a positive even integer with k > g+ r + 1. Then for any cusp form
f € Sk(I'y) of weight k,the Fisenstein series Eg, 1 (f) converges to a Siegel
modular form on Hy of the same weight k and one has the following property

(58) (I)detk,rEg,T‘7k(f) = f
The proof of the above theorem can be found in [73, 74, 92].
(B) THETA SERIES

Let (p,V,) be a finite dimensional rational representation of GL(g,C). We
let H,(r,g) be the space of pluriharmonic polynomials P : C"9) — V, with
respect to (p,V,). That is, P € H,(r,g) if and only if P : C"9) — V, is



THEORY OF THE SIEGEL MODULAR VARIETY 277

a V,-valued polynomial on C(9) satisfying the following conditions (5.9) and
(5.10) : if z = (2;) is a coordinate in C("9),

0P o -
(5.9) Z 821”6% =0 foralli,jwithl<ij<g

and
(5.10)  P(zh) = p(*h) det(h)"2P(z) for all z € C™9 and h € GL(g,C).
Now we let S be a positive definite even unimodular matrix of degree r. To a
pair (S, P) with P € H,(r,g), we attach the theta series
(5.11) Osp(Q) = > P(S7A) oA

Aez(r9)

which converges for all Q € H,. E. Freitag [34] proved that ©g p is a Siegel
modular form on Hy with respect to p, i.e., Ogp € M,(I'y).

Next we describe a method of constructing Siegel modular forms using the
so-called theta constants.

We consider a theta characteristic

/
€= (E,,) €{0,1}% with ¢, ¢’ € {0,1}9.

/

A theta characteristic € = (5,,) is said to be odd (resp. even) if t¢’¢” is odd

/
(resp. even). Now to each theta characteristic ¢ = (;,,), we attach the theta

series
(512) 9[6](9) L Z wz{Q[m+ E:I (m+%5’)5//}, Q EHg_
meZI
If € is odd, we see that 0[¢] vanishes identically. If € is even, 0[] is a Siegel

modular form on H, of weight % with respect to the principal congreuence
subgroup T'y(2) (cf. [65, 103]). Here

Iy(2)={0€Tly|o=1I (mod?2) }

is a congruence subgroup of I'y of level 2. These theta series 0[¢] are called
theta constants. It is easily checked that there are 2971(29 + 1) even theta
characteristics. These theta constants f[e] can be used to construct Siegel
modular forms with respect to I'y. We provide several examples. For g = 1,
we have

(0l€oo] Oleo1] Ole11])® € S12(T'1),

0 0 1
€00 = <0) y €01 = (1) and €11 = (1> .

For g = 2, we get

where

= =27 14H9 € Sio Fg)

eckE
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and

<H 9[5]) - ) (Bler] Olea] Oles])* € Sss(I'2),

eckE €1,€2,€3
where E denotes the set of all even theta characteristics and (€1, €2, €3) runs
over the set of triples of theta characteristics such that e; + €5 + €3 is odd. For
g = 3, we have
HQ[e] € 518(F3).
ecE
We refer to [65] for more details.

5.4. Singular Modular Forms

We know that a Siegel modular form f € M,(I'y) has a Fourier expansion

1@ = Y a(T) o),

T>0

where T runs over the set of all half-integral semi-positive symmetric matrices
of degree g. A Siegel modular form f € M,(I'y) is said to be singularif a(T) # 0
implies det(T) = 0. We observe that the notion of singular modular forms is
opposite to that of cusp forms. Obviously if g = 1, singular modular forms are
constants.

We now characterize singular modular forms in terms of the weight of p and
a certain differential operator. For a coordinate £ = X +14Y in H, with X real
and Y = (y;;) € P, (cf. Section 4), we define the differential

0
(5.13) M, = det(Y) - det <8Y>
which is invariant under the action (4.1) of GL(g,R). Here

i_ 14+6;; O
8Y_ 2 8yij '

Using the differential operator My, Maass [92, pp.202-204] proved that if a
nonzero singular modular form on H,, of weight k exists, then nk = 0 (mod 2)
and 0 < 2k < g — 1. The converse was proved by Weissauer (cf. [143, Satz 4]).

Theorem 5.4. Let p be an irreducible rational finite dimensional represen-
tation of GL(g,C) with highest weight (k1,--- ,kq). Then a non-zero Siegel
modular form f € M,(T'y) is singular if and only if 2k(p) = 2k, < g.

The above theorem was proved by Freitag [33], Weissauer [143] et al. By
Theorem 5.6, we see that the weight of a singular modular form is small. For
instance, W. Duke and O. Imamoglu [27] proved that Sg(T',) = 0 for all g. In
a sense we say that there are no cusp forms of small weight.

Theorem 5.5. Let f € M,(T'y) be a Siegel modular form with respect to a
rational representation p of GL(g,C). Then the following are equivalent :

(1) f is a singular modular form.

(2) f satisfies the differential equation M, f = 0.
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We refer to [92] and [152] for the proof.

Let f € My(I'y) be a nonzero singular modular form of weight k. According
to Theorem 5.4, 2k < g. We can show that k is divisible by 4. Let Sy, --, Sy
be a complete system of representatives of positive definite even unimodular
integral matrices of degree 2k. Freitag [33, 34] proved that f(2) can be written

as a linear combination of theta series fg,,--- ,0g,, where 0g, (1 < v < h) is
defined by
(5.14) 0s,(Q):= Y oSN 1<y <,

A€Z(2k.9)

According to Theorem 5.5, we need to investigate some properties of the
weight of p in order to understand singular modular forms. Let (ki,--- , kg) be
the highest weight of p. We define the corank of p by

corank(p) := Hj| 1<j<g, kj=k, }’
Let
f(Q) _ Z a(T) e27ria(TQ)

T>0
be a Siegel modular form in M,(T';). The notion of the rank of f and that of
the corank of f were introduced by Weissauer [143] as follows :

rank(f) := max{rank (T) ] a(T)#0 }
and
corank(f) := g — min{rank (T) | a(T) #0 }
Weissauer [143] proved the following.

Theorem 5.6. Let p be an irreducible rational representation of GL(g, C) with
highest weight (k1,--- ,kq) such that corank(p) < g — kq. Assume that

Hj| 1<j<g, kj=ks+1 H < 2(g—kg — comnk(p)).
Then M,(I'y) = 0.

6. The Hecke Algebra

6.1. The Structure of the Hecke Algebra

For a positive integer g, we let I'y = Sp(g,Z) and let
Ay = GSp(g,Q) = { M € GL(29,Q) | "M J,M =1(M)J,, (M) € Q* }
be the group of symplectic similitudes of the rational symplectic vector space
(Q%,(, )). We put
A;‘ =GSp(g, Q)T ={Me A, | I(M)>0}.

Following the notations in [34], we let 2 (T'y,A,) be the complex vector
space of all formal finite sums of double cosets I'yMT', with M € A;r. A
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double coset I'yMT, (M € A;‘) can be written as a finite disjoint union of
right cosets M, (1 <v <h) :
L,MT, =U"_T,M, (disjoint).

Let Z(T'g, A4) be the complex vector space consisting of formal finite sums of
right cosets I'yM with M € A*. For each double coset I'yMT, = U!_ T, M,
we associate an element j(I'yMT'y) in Z(I'y, Ay) defined by

h
J(TgMTy) := > TyM,.
v=1

Then j induces a linear map
(6.1) Je: (g, Ay) — LTy, Ay).
We observe that A, acts on Z(I'y, Ay) as follows:
h h
(D e TyMy) - M = ¢;TyM;M, M €A,
j=1 j=1
We denote
LTy A :={T e LTy A)|T-v=Tforallyely}
be the subspace of I'g-invariants in Z(I'g,Ay). Then we can show that
ZL(Ty,Ay)'e coincides with the image of j, and the map
(6.2) Ju: A (Lg, Ag) — g(rmAg)Fg

is an isomorphism of complex vector spaces (cf. [34, p.228]). From now on we
identify (T, A,) with Z(T,, Ay)ls.
We define the multiplication of the double coset I'yMT'; and I'y N by

h

(63) (FHMFH)(FQN):ZFHM]N7 M,NEAg,

j=1
where ['yMT'y = U;‘Zlngj (disjoint). The definition (6.3) is well defined, i.e.,
independent of the choice of M; and N. We extend this multiplication to
H(Ly,Ay) and Z(Iy, Ay). Since

%(Fg’ Ag) ‘%(ngAg) - %(ngAg)a

J(Tg,Ay) is an associative algebra with the identity element I'jI5 T’y = T'.
The algebra J7(I'y, A,) is called the Hecke algebra with respect to I'y and A,.

We now describe the structure of the Hecke algebra 52(I'y, Ay). For a
prime p, we let Z[1/p] be the ring of all rational numbers of the form a-p” with
a,v € Z. For a prime p, we denote

Agpi=AgN GL(Qg,Z[l/p]).
Then we have a decomposition of J#(I'y, Ag)

%(ngAg) = ® %(FgaAg,p)

p:prime
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as a tensor product of local Hecke algebras #(I'y,A,,). We denote by
ATy, A,) (vesp. H#(T,, A, ) the subring of (T, A,) (resp. ' (Ty, Ay )
by integral matrices.

In order to describe the structure of local Hecke operators 5€(I'y, A, ), we
need the following lemmas.

Lemma 6.1. Let M € A; with "M JyM = 1J,. Then the double coset T'yMT,
has a unique representative of the form

My = diag(ay,--- ,ag,dy,--- ,dyg),
where agldg, a; >0, a;d; =1 for 1 < j <g and aglagt1 for1 <k <g-—1.
For a positive integer I, we let
Oy(l) :={M € GL(29,Z)| *MJ,M = 1J, }.

Then we see that O4(l) can be written as a finite disjoint union of double cosets
and hence as a finite union of right cosets. We define T'(I) as the element of
J(Tg,Ay) defined by Oy(l).

Lemma 6.2. (a) Let | be a positive integer. Let
O,(l) =Ul_ T M, (disjoint)

be a disjoint union of right cosets T'gM, (1 < v < h). Then each right coset
I'yM, has a representative of the form

0 D,
(b) Let p be a prime. Then

M, — <Au Bu) , tA,D, =1I g, Ay is upper triangular.

and
g
T(p*) =Y T:(p°),
i=0
where
I, O 0 0
) 0 pl 0 0
= <k<
Tk(p ) 0 0 pzlg—k 0 ng 0 = k g
0 0 0 ply
Proof. The proof can be found in [34, p. 225 and p. 250]. O
For example, Ty (p?) = I'y(plag)T, and

I 0
To(p®) =T (09 P,

We have the following

) Ly =T(p)*.

Theorem 6.1. The local Hecke algebra %(FQ,AM,) is generated by alge-
braically independent generators T(p), T (p?),- -+, Ty(p?).



282 JAE-HYUN YANG

Proof. The proof can be found in [34, p. 250 and p. 261]. O

On A, we have the anti-automorphism M +— M* := (M)M~! (M € A,).
Obviously T'; =T'y. By Lemma 6.1, (I'yMTy)* =T M*T'y = TyMT,. Accord-
ing to [125], Proposition 3.8, s#(T'y, A,) is commutative.

Let Xy, X1, -+, X4 be the g + 1 variables. We define the automorphisms
w;: CIXgH XF, - X — X5 XF o X
by

, 1<j<g
w;(Xo) = XoX; ', wi(X;) =X, wj(Xg) =Xy for k#0,].

Let W, be the finite group generated by wi,---,wy and the permutations of
variables Xi,---, X . Obviously w? is the identity map and |W,| = 29¢!.

Theorem 6.2. There exists an isomorphism
Q: ATy, Ay,) — CIXFL XY x ]
In fact, Q is defined by

h h ‘
Q> T,My) =3 QM) ZX Fo(J H (p= X*) | det A+,
j=1 j=1

v=1

where we choose the representative Mj of I'yM; of the form

pkl(j) e *
Mj‘(%j %) 4;=1 o L
0 0 phs@@)
We note that the integers ki(j),- - ,kq(j) are uniquely determined.
Proof. The proof can be found in [34]. O

For a prime p, we let
H Ly Dgp)a = {ch LgM;Ty € (g, Dgp)lc; €Q }
be the Q-algebra contained in J#(I'y, Ay ). We put
Gp = GSp(9,Q,) and K, =GSp(g,Z,).

We can identify 5#(T'y, Ay ,)q with the Q-algebra %(,@p of Q-valued locally
constant, K-biinvariant functions on G, with compact support. The multipli-
cation on J7 - Q is given by

(fr % F2)(h / f1(9) (g™ h)dg,  fi o€ A2,

where dg is the unique Haar measure on G}, such that the volume of K, is
1. The correspondence is obtained by sending the double coset I'g MT', to the
characteristic function of K, M K.

In order to describe the structure of j‘/} »» we need to understand the p-

adic Hecke algebras of the diagonal torus T and the Levi subgroup M of the
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standard parabolic group. Indeed, T is defined to be the subgroup consisting
of diagonal matrices in A, and

{0 b))

is the Levi subgroup of the parabolic subgroup

{5 B)eart

Let Y be the co-character group of T, i.e., Y = Hom(G,,, T). We define the local
Hecke algebra .72, (T) for T to be the Q-algebra of Q-valued, T(Z,)-biinvariant
functions on T(Q,) with compact support. Then 57,(T) = Q[Y], where Q[Y]
is the group algebra over Q of Y. An element A € Y corresponds the charac-
teristic function of the double coset Dy = K,A(p)K,. It is known that 77, (T)
is isomorphic to the ring Q|[(uy/v1)®!, -+, (ug/vg)*!, (vy - - - vy)*'] under the
map
(CLl, - ag, C) — (ul/vl)al R (ug/vg)a.q (Ul R ’Ug)c.

Similarly we have a p-adic Hecke algebra #,(M). Let Wa, = N(T)/T be the
Weyl group with respect to (T, A,), where N(T) is the normalizer of T in A,.
Then Wa, = S, x (Z/27)9, where the generator of the i-th factor Z/27Z acts
on a matrix of the form diag(a1,--- ,ag4,d1, - ,dy) by interchanging a; and
d;, and the symmetry group S, acts by permuting the a;’s and d;’s. We note
that Wa,, is isomorphic to Wy. The Weyl group Wiy with respect to (T, M) is
isomorphic to S,. We can prove that the algebra %’;(T)W% of W, -invariants
in #,(T) is isomorphic to Q[Yoil, Y, -, Yy (cf. [34]). We let

B = { <61 lB)> SIAS ‘ A is upper triangular, D is lower triangular }

be the Borel subgroup of A,. A set &1 of positive roots in the root system ®
determined by B. We set p =33 o+ O

Now we have the map oy : M — G, defined by

ap(M) := l(M)fg(g;l) (detA)‘LHl, M = (161 g) eM

and the map fr: T — G,,, defined by
g

Br(diag(ar,--- ,ag,d1, -+ ,dy)) = Haﬁ’ﬂ_%, diag(a1, -+ ,ag,dy,- - ,dg) € T.
i=1

Let 61 := o Br be the character of T. The Satake’s spherical map Spm :

AR — A,(M) is defined by

64)  Spaa(d)(m) == laag(m)], /U o, Ol 6, m e,

where | |, is the p-adic norm and U(Q,) denotes the unipotent radical of A,.
Also another Satake’s spherical map Syt : #,(M) — 5,(T) is defined by

(6.5) S (F)(E) = [Br(8)lp f(tn)dn, te A(T), tT,

MNN
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where N is a nilpotent subgroup of A,.

Theorem 6.3. The Satake’s spherical maps Spm and Sm,r define the isomor-
phisms of Q-algebras

(6.6) HL = ATV and (M) = H(T)V.
We define the elements ¢y, (0 < k < g) in 5¢,(M) by
Iy, 0 O
_ k(k+1) .
¢k =p 2 M(Zp) 0 pIg 0 M(Zl))a ? :0717"' 9.
0 0 I
Then we have the relation
g
(6.7) Spu(T(p) =D én
k=0
and
o (k—j+1
(6.8) Su(Ti®)) = > m ()~ g0,
§,k>0,i+5<k
where
ms(i):=f4{ A€ M(s,F,)| A=A, corank(A) =i }.
Moreover, for kK =0,1,--- , g, we have
(6.9) Smr(Pr) = (V1 vg) Ex(ur /v, -+ s ug/vg),

where Fj denotes the elementary symmetric function of degree k. The proof
of (6.7)-(6.9) can be found in [2, pp. 142-145].

6.2. Action of the Hecke Algebra on Siegel Modular Forms

Let (p,V,) be a finite dimensional irreducible representation of GL(g,C)
with highest weight (k1,--- ,kg). For a function F': Hy — V, and M € A;,
we define

(a0 = pce+ Dy o), m=(g p)eas,

It is easily checked that f|,M My = (f|pM1)|pM2 for My, M, € A;.

We now consider a subset .# of A, satisfying the following properties (M1)
and (M2):
M1) A = U?ZngMj (disjoint union);
M2) #T,C .

For a Siegel modular form f € M,(I'y), we define

h
(6.10) T(A)f =3 f1pM;.

This is well defined, i.e., is independent of the choice of representatives M;
because of the condition (M1). On the other hand, it follows from the condition
(M2) that T(A) f|,y =T (A )f for all v € T'y. Thus we get a linear operator

(6.11) T() : My(Ty) —> M,(T,).
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We know that each double coset I'yMT'; with M € A, satisfies the condition
(M1) and (M2). Thus a linear operator T(.#) defined in (6.10 induces natu-
rally the action of the Hecke algebra 4#(I'y, A,) on M,(T',). More precisely, if

N =S T MT, € #(Ty,Ay), we define

h
)= ZCJ'T(FQMjFQ)-

j=1
Then T'(.#") is an endomorphism of M,(Ty).

Now we fix a Siegel modular form F' in M,(I'y) which is an eigenform of
the Hecke algebra J#(I'y, Ay). Then we obtain an algebra homomorphism
Ap 2 H(Ty,Ay;) — C determined by

T(F)=Ap(T)F, T ey Ay).
By Theorem 6.2 or Theorem 6.3, one has
H(Tg, DNgp) = %@p ® C = Cly]"s
=~ MY C
= Cllwn /) (g /o) (010 ]
> ClYo,Yy 'Yy, -, Y,

where Yp,Y7,---,Y, are algebraically independent. Therefore one obtains an
isomorphism

Home (#(T'y, Ay,),C) = Homg (2, @ C,C) = (C*) D /W,.
The algebra homomorphism A\r € Homc (jf (Fg,Ag’p),(C) is determined by

the W-orbit of a certain (g + 1)-tuple (04F707 Qp1,- ,ap,g) of nonzero com-
plex numbers, called the p-Satake parameters of F. For brevity, we put o; =
ap;, 1=0,1,---,g. Therefore «; is the image of u;/v; and ag is the image of

v1 -+ -vg under the map ©. Each generator w; € Wa, = W, acts by
w;(ap) = aoa;1 w;(a;) = 04;1, wj(ag) =0if k #0, j.
These p-Satake parameters ag, o - - - , g satisfy the relation

g p—
agal e ag = pZi:l k’L g(g+1)/2.

Formula (6.12) follows from the fact that T,(p®) = I'y(pI24)Ty is mapped to

g
p= IV vy wg)? T (wafva).
i=1

We refer to [34, p.258] for more detail. According to Formula (6.7)-(6.9), the
eigenvalues \p (T(p)) and \p (Tz- (p2)) with 1 <1 < g are given respectively by

(6.12) Ar(T(p)) = ao(1+ By + By + -+ + Ey)
and
g k—j+1
(613) AF(E(pQ)) = Z mk—j(i)pi( 2 )agEjEkv 1:17 ' 95

4,k>0, j+i<k
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where E; denotes the elementary symmetric function of degree j in the variables
a1, ,oy. The point is that the above eigenvalues Ar (T'(p)) and Ap (T;(p?))
(1 <i < g) are described in terms of the p-Satake parameters ag, o - - -, ag.

2minT

Examples. (1) Suppose g(7) = >, 5 a(n)e is a normalized eigenform

in Sk(T'1). Let p be a prime. Let 3 be a complex number determined by the
relation

(1-8X)1-p8X)=1-a(p)X +p" X2
Then
B+5=a(p) and BB =p"".

The p-Satake parameters o and oy are given by

(a07a1): (/81 g) or <ﬁ7 g) .
It is easily checked that a2a; = 33 = pF~! (cf. Formula (6.12)).

(b) For a positive integer k with k > g + 1, we let

Gu@) = Y det(CQ+ D), M:(é g)
MGFQ‘O\FQ

be the Siegel Eisenstein series of weight k in My (T',), where

({8 B)en)

is a parabolic subgroup of I'y. It is known that G} is an eigenform of all
the Hecke operators (cf. [34, p.268]). Let Si,---,S, be a complete system of
representatives of positive definite even unimodular integral matrices of degree
2k. If K > g+ 1, the Eisenstein series G can be expressed as the weighted
mean of theta series 0g,,--- ,0g, :

h
(6.14) Gr(Q) =) my,05,(2), QeH,
v=1
where
A(S,,S,)"!

1<v<h.

T ASL ST A(S Sn)

We recall that the theta series fg, is defined in Formula (5.14) and that for
two symmetric integral matrices S of degree m and T of degree n, A(S,T) is
defined by

A(S,T) ==t#{G e Z™™ | S[G] = 'GSG =T}.

Formula (6.14) was obtained by Witt [148] as a special case of the analytic
version of Siegel’s Hauptsatz.
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7. Jacobi Forms

In this section, we establish the notations and define the concept of Jacobi
forms.

Let
Sp(g,R) = {M € R®929) | WLJ,M = ], }

be the symplectic group of degree g, where

Jg = (_(}g I()g) .
For two positive integers g and h, we consider the Heisenberg group
Hﬂ(gg’h) = {()\,u, K)| A€ RM9) ke R 4 730 symmetric}
endowed with the following multiplication law
A pr)o (Nl k) i= N+ N+ sk + 8 + X0 — ).
We recall that the Jacobi group G;h := Sp(g,R) x Hﬂgg’h) is the semidirect

product of the symplectic group Sp(g,R) and the Heisenberg group Hﬂ%g )

endowed with the following multiplication law
(M, (A 1, 8)) - (M, (X! KD) i= (MM, (A4 N it k4 8+ N = )
with M, M’ € Sp(g,R), (A, p, &), (N, 1/, k') € Hﬂg{g’h) and (5\,/1) =\ )M’ Tt

is easy to see that Gg,h acts on the Siegel-Jacobi space Hy; = Hy X Cc(h.9)
transitively by

(1) (M (pR) - (.2) = (M9, (Z+ 02+ ) (€2 + D)),
where M = (él, g) € Sp(g,R), (\, pu, k) € H]I(gg’h) and (2, 7) € H 5.

Let p be a rational representation of GL(g,C) on a finite dimensional com-
plex vector space V,. Let M € R™") be a symmetric half-integral semi-positive
definite matrix of degree h. Let C°°(Hy 5, V,) be the algebra of all C* functions
on Hy j, with values in V,,. For f € C*(H,,V,), we define

(f p,M [(Mv ()‘7 Hy R))]) (Q, Z)
—2mio (M[Z+AQ+u](CQ+D) ' C) 2o (MOAQAF2NZ+(r+1'N)))

xp(CQ+ D)~V f(M - Q, (Z + A+ p)(CQ + D)),

gl g) € 5p(g,R), (A, k) € HY™ and (Q, Z) € Hy .

Definition 7.1. Let p and M be as above. Let
HEW = { O i) € HEW [ X p € 200, s € 200 ).

Let I' be a discrete subgroup of I'y of finite index. A Jacobi form of index M
with respect to p on T' is a holomorphic function f € C*(Hy s, V,) satisfying
the following conditions (A) and (B):

=€

where M = (

(A) flpm[3) = f for all 5 € T :=T x HY™.
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(B) f has a Fourier expansion of the following form :

f(Qa Z) = Z Z c(T’7 R) . ezxiria(TQ) . eQWig(RZ)

T>0 (g.h)
half-integral Rez

17 1
with some nonzero integer Ar € Z and ¢(T, R) # 0 only if (/}FtR jé?) > 0.
2
If g > 2, the condition (B) is superfluous by the Kocher principle (cf. [165]
Lemma 1.6). We denote by J, a((I") the vector space of all Jacobi forms of
index M with respect to p on I'. Ziegler(cf. [165] Theorem 1.8 or [29] Theorem
1.1) proves that the vector space J, a¢(T') is finite dimensional. For more results

on Jacobi forms with g > 1 and h > 1, we refer to [112], [149]-[153] and [165].

Definition 7.2. A Jacobi form f € J, m(I') is said to be a cusp (or cuspidal)

17 1
form if <)1\FtR ﬁ) > 0 for any T, R with ¢(T,R) # 0. A Jacobi form
2

f € J, m(T) is said to be singular if it admits a Fourier expansion such that a

1 1

—T 3R
Fourier coefficient ¢(T, R) vanishes unless det <>1‘Ft 2 ) =0.

5 R M
Example 7.3. Let S € Z(?%:2k) be a symmetric, positive definite, unimodular
even integral matrix and ¢ € Z(%"). We define the theta series

(12) 99, 2):= 3 emlo®ON0 (A} gy, 7 e o),
AEZ(2k,9)

We put M := %tcSc. We assume that 2k < g + rank (M). Then it is easy to
see that ﬁgi is a singular Jacobi form in Ji aq(T'g)(cf. [165] p.212).

Remark. Singular Jacobi forms are characterized by a special differential
operator or the weight of the associated rational representation of the general
linear group GL(g,C) (cf. [152]).

Now we will make brief historical remarks on Jacobi forms. In 1985, the
names Jacobi group and Jacobi forms got kind of standard by the classic book
[29] by Eichler and Zagier to remind of Jacobi’s “Fundamenta nova theoriae
functionum ellipticorum”, which appeared in 1829 (cf. [68]). Before [29] these
objects appeared more or less explicitly and under different names in the work
of many authors. In 1966 Pyatetski-Shapiro [109] discussed the Fourier-Jacobi
expansion of Siegel modular forms and the field of modular abelian functions.
He gave the dimension of this field in the higher degree. About the same time
Satake [119]-[120] introduced the notion of “groups of Harish-Chandra type”
which are non reductive but still behave well enough so that he could determine
their canonical automorphic factors and kernel functions. Shimura [127]-[128]
gave a new foundation of the theory of complex multiplication of abelian func-
tions using Jacobi theta functions. Kuznetsov [86] constructed functions which
are almost Jacobi forms from ordinary elliptic modular functions. Starting
1981, Berndt [8]-[10] published some papers which studied the field of arith-
metic Jacobi functions, ending up with a proof of Shimura reciprocity law for
the field of these functions with arbitrary level. Furthermore he investigated
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the discrete series for the Jacobi group G;_’ 5, and developed the spectral theory
for L2 (I‘J\Gih) in the case g = h = 1(cf. [11]-[13]). The connection of Jacobi
forms to modular forms was given by Maass, Andrianov, Kohnen, Shimura,
Eichler and Zagier. This connection is pictured as follows. For k even, we have
the following isomorphisms

M (L) = Jea(Ty) = M (D) (4)) = May_(I0).

Here M (T'2) denotes Maass’s Spezialschar or Maass space and M:,; (F(()l) (4))
2

denotes the Kohnen plus space. These spaces shall be described in some more
detail in the next section. For a precise detail, we refer to [93]-[95], [1], [29] and
[76]. In 1982 Tai [134] gave asymptotic dimension formulae for certain spaces
of Jacobi forms for arbitrary g and h = 1 and used these ones to show that
the moduli A, of principally polarized abelian varieties of dimension g is of
general type for g > 9. Feingold and Frenkel [31] essentially discussed Jacobi
forms in the context of Kac-Moody Lie algebras generalizing the Maass cor-
respondence to higher level. Gritsenko [44] studied Fourier-Jacobi expansions
and a non-commutative Hecke ring in connection with the Jacobi group. Af-
ter 1985 the theory of Jacobi forms for ¢ = h = 1 had been studied more or
less systematically by the Zagier school. A large part of the theory of Jacobi
forms of higher degree was investigated by Kramer [82]-[83], [112], Yang [149]-
[153]and Ziegler [165]. There were several attempts to establish L-functions in
the context of the Jacobi group by Murase [104]-[105]and Sugano [106] using
the so-called “Whittaker-Shintani functions”. Kramer [82]-[83] developed an
arithmetic theory of Jacobi forms of higher degree. Runge [112] discussed some
part of the geometry of Jacobi forms for arbitrary g and h = 1. For a good
survey on some motivation and background for the study of Jacobi forms, we
refer to [14]. The theory of Jacobi forms has been extensively studied by many
people until now and has many applications in other areas like geometry and
physics.

8. Lifting of Elliptic Cusp forms to Siegel Modular Forms

In this section, we present some results about the liftings of elliptic cusp
forms to Siegel modular forms. And we discuss the Duke-Imamoglu-Tkeda lift.

In order to discuss these lifts, we need two kinds of L-function or zeta func-
tions associated to Siegel Hecke eigenforms. These zeta functions are defined
by using the Satake parameters of their associated Siegel Hecke eigenforms.

Let F € M,(T'y) be a nonzero Hecke eigenform on Hj, of type p, where p is
a finite dimensional irreducible representation of GL(g,C) with highest weight
(k1, -+ ,kg). Let apo,ap1,- -+, ap g be the p-Satake parameters of F' at a prime
p. Using these Satake parameters, we define the local spinor zeta function
Zpp(s) of F' at p by

g
Zrp) =1 —apot) [T TI (1= apoap - apst).

r=11<i1<---<i,,<g
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Now we define the spinor zeta function Zg(s) by
(8.1) Zp(s) = [ Zrp(0™*)"". Res>0.
p:prime

For example, if g = 1, the spinor zeta function Z;(s) of a Hecke eigenform f is
nothing but the Hecke L-function L(f,s) of f.

Secondly one has the so-called standard zeta function Dp(s) of a Hecke
eigenform F' in S,(I'y) defined by

(8.2) Dp(s)== [[ Drsle™)",
p:prime
where
g
Drp(t) = (1—t) [ = apit)(1 = 1),
i=1

For instance, if g = 1, the standard zeta function Dy(s) of a Hecke eigenform
f(r) =327 a(n)e*™ ™™ in Sy (T) has the following

Di(s—k+1)= ] (1+p*t )" i

p:prime

For the present time being, we recall the Kohnen plus space and the Maass
space. Let M be a positive definite, half-integral symmetric matrix of degree
h. For a fixed element Q € H,, we denote @5\9/1)79 the vector space consisting of
all the functions # : C*9) — C satisfying the condition :

(83)  O(Z+AQ+ p) = e 2roMNU2ZMN g7y 7 c c9)

for all \, u € Z"™9) . For brevity, we put L := Z"9) and L := L/(2M)L. For
each v € Ly, we define the theta series 6.,(Q2, Z) by

0,(0,2) = Z 2 (MD+RM)TIH]Q+2 ZMO+ M) ™)
AEL
where (22, Z) € Hy x C"9)_ Then {0,(Q,Z) | v € L } forms a basis for @5\94),9.
For any Jacobi form ¢(Q, Z) € Ji m(Ty), the function ¢(£2, -) with fixed Q is an

element of @5\%9 and ¢(€2, Z) can be written as a linear combination of theta
series 0,(Q,Z) (v € Lam) -

(8.4) P2, Z) = Z ¢V(Q)97(Qﬂ Z).
YEL M

We observe that ¢ = (¢(2))yer ., is a vector valued automorphic form with
respect to a theta multiplier system.

We now consider the case: h=1, M =1, =1, L =219 >~ 79 We define
the theta series 0(9)(Q) by

(8.5) 0@ (Q) = Y 270N = 04(Q,0), Qe H,
€L
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Let
A B
10 (4) = { (c D) e rg] c=0 (mod4)}
be the congruence subgroup of I';. We define the automorphic factor j :
I\ (4) x H, — C* by

. 09 (v - Q)

Thus one obtains the relation
§(7,9)? = e(y) det(C+ D), e(y)* =1,

for any v = (é g) € F(()g)(4).

. yeTW), Qem,.

Kohnen [76] introduced the so-called Kohnen plus space M l;t N (Fég )(4)) con-
2

sisting of holomorphic functions satisfying the following conditions (K1) and
(K2):

(KL fly-0) =j(r. Q1 f(Q)  for all y € T (4);

(K2) f has the Fourier expansion

f(Q) — Z CL(T) eQﬂ'iU(TQ)’
T>0

where T runs over the set of semi-positive half-integral symmetric matrices of
degree g such that a(T) = 0 unless T' = —u ‘umod 45 (Z) for some p € VACRO
Here we put

Sg(Z) = {T cRYY | T =T, o(TS) €Z forall S = 'S € 299 } ,
For a Jacobi form ¢ € Ji 1(I'y), according to Formula (8.4), one has
(8.6) (Q2)= > [(Q0,(22), QeH, ZeCh.
yEL/2L

Now we put

fo(Q) = > f,(49), QeH,.

yeEL/2L
Then fy € M, (T (4)).

Theorem 8.1. (Kohnen-Zagier (g=1), Ibukiyama (g > 1)) Suppose k is
an even positive integer. Then there exists the isomorphism given by

Tia(Tg) = M (07 (4), ¢ fo.
Moreover the isomorphism is compatible with the action of Hecke operators.

For a positive integer k € Z*, H. Maass [93, 94, 95] introduced the so-
called Maass space M}:(T'2) consisting of all Siegel modular forms F(Q) =
Zg>0 ap(T) e*™ (T on Hy of weight k satisfying the following condition

dm
(8.7) ar(M)= Y dk—laF<de 21d>

d|(n,r,m),d>0 2d
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r

for all T = ( %) > 0 with n,r,m € Z. For F € My(T'3), we let

oS 3

FO) = Y on(n e, o= (T Z)em

m>0

be the Fourier-Jacobi expansion of F. Then for any nonnegative integer m, we
obtain the linear map

Pm * Mk(r2) — Jk,m(rl)a F = ¢m

We observe that pg is nothing but the Siegel ®-operator. Maass [93, 94, 95]
showed that for k even, there exists a nontrivial map V : J; 1(I'1) — Mp(T'2)
such that p; oV is the identity. More precisely, we let ¢ € Ji 1(I'1) be a Jacobi
form with Fourier coefficients c(n,7) (n,r € Z, r? < 4n) and define for any
nonnegative integer m > 0

(8.8)  (Vm@)(r,2) = Z Z d’“flc(%,g) 2mi(nT+rz)

n,r€Z, r2<4dmn \d|(n,r,m)
It is easy to see that Vi¢ = ¢ and V¢ € Ji p(I'1). We define

(89) (V)= (Vmd)(r,2) ™™, Q= (Z j) € Ha.

m>0
We denote by T}, (n € Z*) the usual Hecke operators on My (T's) resp. Sk(T'2).
For instance, if p is a prime, T, = T(p) and T,» = Ti(p*). We denote by
Tyn (m € Z7) the Hecke operators on Jy, ,,,(I'1) resp. Ji' P (1) (cf. [29]).

Theorem 8.2. (Maass [92, 93, 94], Eichler-Zagier [29], Theorem 6.3)

Suppose k is an even positive integer. Then the map ¢ — V¢ gives an isomor-
phism of Jim(T1) onto M} (T'y) which sends cusp Jacobi forms to cusp forms
and is compatible with the action of Hecke operators. If p is a prime, one has

T,oV =Vo(Ty,+p"%(p+1))
and
TpeoV =Vo (T;,+p" 2(p+ 1Ty, +p°*?).
In Summary, we have the following isomorphisms
(8.10) M;(Ty) = Jem(Ty) = M;% (TS (4)) 22 May,_o(T'y),
Vo «— o —fs

where the last isomorphism is the Shimura correspondence. All the above
isomorphisms are compatible with the action of Hecke operators.

In 1978, providing some evidences, Kurokawa and Saito conjectured that
there is a one-to-one correspondence between Hecke eigenforms in Sog_o(T'1)
and Hecke eigenforms in My (T'2) satisfying natural identity between their spinor
zeta functions. This was solved mainly by Maass and then completely solved
by Andrianov [1] and Zagier [164].



THEORY OF THE SIEGEL MODULAR VARIETY 293

Theorem 8.3. Suppose k is an even positive integer and let F € M (T5)
be a monzero Hecke eigenform. Then there exists a unique normalized Hecke
eigenform f in Mog_o(T'1) such that

(s.11) Zr(s) = Cls — k) (s — K+ 2)L(f, 8),
where L(f,s) is the Hecke L-function attached to f.

F is called the Saito-Kurokawa lift of f. Theorem 8.3 implies that Zg(s)
has a pole at s = k if F' is an eigenform in M} (T's). If F' € Si(T2) is a
Hecke eigenform, it was proved by Andrianov [2] that Zp(s) has an analytic
continuation to the whole complex plane which is holomorphic everywhere if
k is odd and is holomorphic except for a possible simple pole at s = k if k is
even. Moreover the global function

Z5(s) = 2m) T (s)I'(s — k+ 2)Zp(s)

is (—1)*-invariant under s ~— 2k — 2 — s. It was proved that Evdokimov and
Oda that Zp(s) is holomorphic if and only if F' is contained in the orthogonal
complement of M} (T'y) in My(T'3). We remark that My (I'2) = CGy @ S;(T'2),
where Gy, is the Siegel Eisenstein series of degree 2 (cf. (6.14)) and S} (I'2) =
Si(T2) N M (T2).

Around 1996, Duke and Imamoglu [26] conjectured a generalization of The-
orem 7.3. More precisely, they formulated the conjecture that if f is a nor-
malized Hecke eigenform in Sax(I'1) (k € Z1) and n is a positive integer with
n = k (mod 2), then there exists a Hecke eigenform F' in Sy, (I'2y,) such that
the standard zeta function Dg(s) of F equals

(8.12) C()Y L(f,s+k+n—j),

j=1

where L(f,s) is the Hecke L-function of f. Later some evidence for this con-
jecture was given by Breulmann and Kuss [18]. In 1999, Ikeda [66] proved
that the conjecture of Duke and Imamoglu is true. Such a Hecke eigenform
F in Sy, (Tay,) is called the Duke-Imamoglu-Ikeda lift of a normalized Hecke
eigenform f in Sox(Ty).

Now we describe the work of Tamotsu Ikeda roughly. First we introduce
some notations and recall some definitions. A symmetric square matrix A with
entries a;; in the quotient field of an integral domain R will be said to be half
integral if a;; € R for all ¢ and 2a;; € R for all 4, j with ¢ # j. We denote by
S, (R) the set of all such symmetric half integral matrices of degree n. For a ra-
tional, half integral symmetric, non-degenerate matrix 7' € S, (Q), we denote
by

Dy := (=1)"det(27)

the discriminant of 7. We write
Dr = Drof3

with D the corresponding fundamental discriminant and fr € Z*.
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Fix a prime p. Let T be a non-degenerate matrix in Ss,,(Z,). Then the local
singular series of T' at p is defined as

Z vp(R o(TR)), seC,

where R runs over all symmetric 2n x 2n matrices with entries in Q,/Z, and
vp(R) is a power of p equal to the product of denominators of elementary
divisors of R. Furthermore, for 2 € Q, we have put e,(z) = >’
denotes the fractional part of x.

, where 2’

As is well known, b,(T;s) is a product of two polynomials in p~® with
coefficients in Z. More precisely, we put

(T3 X) = (1= X) (1= &(Dp"X) " [T (1 -7 X?)
j=1
where
&(T) == xp((—=1)" det T)
and for a € Qy, xp(a) is defined by
Lif Qp(\/&) = Qp,

Xp(a) = —1 if Q,(v/a)/Q, is unramified,
0 if Qu(v/a)/Q, is ramified.

Then we have
bp(Tss) = 7p(T5p™ ") Fp(T5p™7),

where F,(T;X) is a certain polynomial in Z[X] with constant term 1. A
fundamental result of Katsurada [71] states that the Laurent polynomial

Fy(T; X) := X o deIr B (1, p 712 X)
is symmetric, i.e.,
ﬁp(T; X)= ﬁp(T;Xfl),
where ord, denotes the usual p-adic valuation on Q. If p does not divide fr,
then F,(T;X) = F,(T;X) = 1. We denote by V = (F2",q) the quadratic
space over [F;,, where ¢ is the quadratic form obtained from the quadratic form
x +— Tlz] (x € Z2") by reducing modulo p. We let ( , ) be the associated
bilinear form on IFZQJ" given by
(r,9) == q(x +y) —q(x) —q(y), z,yeF"
and let
R(V):={z ¢ IFI%" | (x,y) =0 forall y € IF?J", q(z) =0}

be the radical of V. We put s, := s,(T) = dim R(V) and denote by W an
orthogonal complementary subspace of R(V).
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Following [72], one defines a polynomial H,, ,(T; X) by
Hn,p(T;X)
1 if 5, =0,
= IV (1 - priix?), if 5, > 0, 5, odd,
(1 + /\p( )p(sp—l)/QX) H[(Spfl)/Q] ( ij_lXQ), if Sp > 0, s, even,

where [z] denotes the Gauss bracket of a real number z, and for s, even we
have put

M(T) = 1 if W is a hyperbolic subspace or s, = 2n,
P ! otherwise.

Following [77], for p € Z, p > 0, we define pr(p*) by
{(1—X2>Hn,p<T;X> if pl fr,
Z pr(p

50 1 otherwise.
We extend the function pr multiplicatively to Z* by defining
ZpT(a) a”® = H ((1 —p‘Qs) Hn,p(T;p_s)) .
a>1 plfr
Let
D(T) := GLQn(Z)\{G € My, (Z) N GLa, (Q) | T[G™Y] half integral },

where GLs,(Z) acts by left multiplication. We see easily that D(T) is finite.
For a € Z* with a| fr, we define

a
T):=vay, > priG-1) (@) :
a2 |a GED(T), | det(G)|=d
We observe that ¢(a;T) € Z for all a.

Let f be a normalized Hecke eigenform in Sa;(T';). For a prime p, we let
A(p) and «, be the p-th Fourier coefficient and the Satake p-parameter of f
respectively. Therefore one has

1-\p)X +p*1x2 = (1 —pk71/2osz) (1 fpkfl/Zang).
Let ‘
g(1) = Z c(m) 2™ TeH,
m>1, (—1)k*m=0,1(mod 4)
be a Hecke eigenform in S . (F(l)(4)) which corresponds to f under the

Shimura isomorphism (8.10). Now we assume that n is a positive integer sat-
isfying the condition n = k (mod 2). For a rational, half integral symmetric
positive definite matrix T of degree 2n, we define

a(T) == c(|Drol) fo H Fy(T; ).
plfr
We consider the function F'(Q2) defined by

F(Q) — Z af(T) eQTriU(TQ)7

T>0
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where T runs over all rational, half integral symmetric positive definite matrices
of degree 2n. Tkeda [66] proved that F'(€2) is a cuspidal Siegel-Hecke eigenform
in Sk1n(T'2,) and the standard zeta function Dg(s) of F is given by the formula
(8.12). Therefore we have the mapping

(8.13) T S,y (T (4)) — S (T2n)
defined by
g(T) _ Z C(m)€27rim'r — F(Q) _ Z A(T) 627m'0(TQ),
(—=1)*m=0,1(mod 4) T>0

where T runs over all rational, half integral symmetric positive definite matrices
of degree 2n and

A(T) = ¢(|Drol) f HF (T; ).
plfr
The mapping Ij ., is called the Ikeda’s lift map. Kohnen [77] showed the fol-
lowing identity
T) =Y a"'¢(a;T) c(|Dr|/a®).
alfr

Kohnen and Kojima [78] characterized the image S, (I'2,,) of the Ikeda’s

lift map Iy ,, as follows:

Theorem 8.4. (Kohnen-Kojima [78]) Suppose that n = 0,1 (mod 4) and
let k € Zt with n = k (mod 2). Let F € Sgin(T2,) with Fourier coefficient
A(T). Then the following statements are equivalent:

(@) F € Si 1, (Tan);

(b) there exist complex numbers c(m) (with m € Z*, and (—1)*m = 0,1
(mod 4)) such

that
= > " 'o(a;T) (| Drl/a®)
alfr
for all T.

They called the image of Ij, ,, in Skyn (T'2y,) the Maass space. If n =1, M} (Ts)
coincides with the image of Ij ;. Thus this generalizes the original Maass
space. Breulmann and Kuss [18] dealt with the special case of the lift map
Iz : S12(I') (= SE/Q) — Sg(T'y). In the article [17], starting with the Leech
lattice A, the authors constructed a nonzero Siegel cusp form of degree 12 and
weight 12 which is the image of a cusp form A € S12(I'1) under the Tkeda lift
map I 6. Here A is the cusp form in S12(I';) defined by

A(r)=@2m)'2q [T -¢")*, 7€M, q=e".
It is known that there exist 24 Niemeier lattices of rank 24, say, L, -, Log.
The theta series

0. (= > GV Qem, =124
GeZ(24,12)
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generate a subspace Vi of M12(T'12). These 0, (1 < ¢ < 24) are linearly inde-
pendent. It can be seen that the intersection Vi N S12(T'12) is one dimensional.
This nontrivial cusp form in V,NS12(12) up to constant is just the Siegel mod-
ular form constructed by them. Under the assumption n + r = k (mod 2) with
k,n,r € Z*, using the lift map Iy 4, : S]:r% — Skintr(Lonyar), recently

Tkeda [67] constructed the following map

(814) ']k,n,r : S];:_% X Sk+7a+7'(r7') - Sk+n+7'(r2n+7')
defined by
Q 0\\ =7 k+n—1
Jk n r(hv G) (Q) = Ik n+r(h) GC(T) (det Im T) dTa
Y TAH, 0 7

where h € SIL%’ G € Siintr(Ty), Q € Hopyy, 7 € H,., G¢(7) = G(—7) and

(det Tm 7)~("*1dr is an invariant volume element (cf. §2 (2.3)). He proved that
the standard zeta function Dy, (n.q)(s) of Jkn (R, G) is equal to

n
Dy, .. (s) = Da(s) H L(f,s+k+n—7j),
j=1
where f is the Hecke eigenform in Sox(I'1) corresponding to h € S]:FJF , under
2
the Shimura correspondence.

Question : Can you describe a geometric interpretation of the Duke-Imamoglu-
Ikeda lift or the map Ji . r 7

9. Holomorphic Differential Forms on Siegel Space

In this section, we describe the relationship between Siegel modular forms
and holomorphic differential forms on the Siegel space. We also discuss the
Hodge bundle. First of all we need to know the theory of toroidal compactifi-
cations of the Siegel space. We refer to [5, 107, 140] for the detail on toroidal
compactifications of the Siegel space.

For a neat arithmetic subgroup I', e.g., I' = I'(n) with n > 3, we can obtain
a smooth projective toroidal compactification of T'\D,. The theory of toroidal
compactifications of bounded symmetric domains was developed by Mumford’s
school (cf. [5] and [107]). We set

Ay =T,\H, and Aj:=Ty\H; = U I'\H; (disjoint union).
0<i<g
L. Satake [117] showed that A7 is a normal analytic space and W. Baily [6]
proved that A; is a projective variety. Let A4 be a toroidal compactification
of Ay. Then the boundary A, — Ay is a divisor with normal crossings and one

has a universal semi-abelian variety over A, in the orbifold. We refer to [59]
for the geometry of A,.

Let 6 be the second symmetric power of the standard representation of
GL(g,C). For brevity we set N = 2¢(g+1). For an integer p with 0 <p < N,
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we denote by 0! the p-th exterior power of §. For any integer ¢ with 0 < ¢ < N,
we let Q9(H,)Ts be the vector space of all I',-invariant holomorphic g-forms on
H,. Then we obtain an isomorphism

Qq<Hg)FQ — Myiq) (Fg)-

Theorem 9.1. (Weissauer [143]) For an integer o with 0 < o < g, we let
Pa be the irreducible representation of GL(g,C) with the highest weight

(g+1,"',g+1,g*04,~",970£)

such that corank (po) = a for l <a <g. Ifa=—1, welet po, = (g+1,--- ,g+
1). Then

q Iy _ My, (Fg) if = 9(92“) - a(azﬂ)
QUH,) s = .
’ 0 otherwise.

Remark. If 2a > g, then any f € M, (I'y) is singular (cf. Theorem 5.4).

Thus if ¢ < w, then any I'g-invariant holomorphic ¢-form on H, can be
expressed in terms of vector valued theta series with harmonic coefficients. It
can be shown with a suitable modification that the just mentioned statement
holds for a sufficiently small congruence subgroup of I'y.

Thus the natural question is to ask how to determine the I'g-invariant holo-
9B9+2) _ P < 9lg+1)

morphic p-forms on H, for the nonsingular range

Weissauer [144] answered the above question for g = 2. For g > 2, the above
question is still open. It is well known that the vector space of vector valued
modular forms of type p is finite dimensional. The computation or the estimate
of the dimension of QP (H,)"s is interesting because its dimension is finite even
though the quotient space A, is noncompact.

Example 1. Let
(9.1) = fij(9) dwy;
1<j
be a I'y-invariant holomorphic 1-form on H,. We put
f(Q) = (f”(Q)) with f” = fji and dQ2 = (dwij).
Then f is a matrix valued function on Hy satisfying the condition

A B

f(y-Q)=(CQU+D)f(Q)(CQ+ D) forall v = (C D

) €Iy and Q € H,.
This implies that f is a Siegel modular form in My(T'y), where 6 is the irre-
ducible representation of GL(g,C) on T, = Symm?*(C9) defined by

O(h)v = hv'h, he GL(g,C), v e Ty,
We observe that (9.6) can be expressed as ¢ = o(f dQ2).

Example 2. Let
wWo = de A dw12 VARERIVAN dwgg
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be a holomorphic N-form on H,. If w = f(Q)wy is I'g-invariant, it is easily
seen that

A B
C D

Thus f € My41(T'y). It was shown by Freitag [34] that w can be extended to a
holomorphic N-form on A, if and only if f is a cusp form in Sg11(I'y). Indeed,
the mapping

Sg+1(rg) — OV (-’Zlg) =H° (AgaQN)a fr fwo

is an isomorphism. Let wy = F(2) w?k be a I'g-invariant holomorphic form on
H, of degree kN. Then F' € M (441)(Ty).

f(y-Q) =det(CQ+ D)9 £(Q) for all y = ( > el'y and Q € Hy.

Example 3. We set

Tlab = €ab /\ dw;u/a 1§a§b§g,
1<p<v<g
(m,v)#(a,b)

where the signs €,;, are determined by the relations €gp gy A dwap = wo. We

assume that
N = Z Fop Nab
1<a<b<g

is a I'g-invariant holomorphic (N — 1)-form on H,. Then the matrix valued
function F = (eab Fab) with e, = €pq and Fyp = Fp, is an element of M (T'y),
where 7 is the irreducible representation of GL(g,C) on T defined by

7(h)v = (det R)9 T *h~tvh™,  h € GL(g,C), v € Ty.

We will mention the results due to Weissauer [144]. We let T be a congruence
subgroup of I's. According to Theorem 9.1, T'-invariant holomorphic forms in
O2(H,)" are corresponded to modular forms of type (3,1). We note that these
invariant holomorphic 2-forms are contained in the nonsingular range. And if
these modular forms are not cusp forms, they are mapped under the Siegel
®-operator to cusp forms of weight 3 with respect to some congruence sub-
group (dependent on I') of the elliptic modular group. Since there are finitely
many cusps, it is easy to deal with these modular forms in the adelic version.
Observing these facts, he showed that any 2-holomorphic form on I'\Hy can be
expressed in terms of theta series with harmonic coefficients associated to bi-
nary positive definite quadratic forms. Moreover he showed that H?(I'\Hsy, C)
has a pure Hodge structure and that the Tate conjecture holds for a suit-
able compactification of I'\H,. If g > 3, for a congruence subgroup I' of ' it
is difficult to compute the cohomology groups H*(I'\H,, C) because I'\H, is
noncompact and highly singular. Therefore in order to study their structure, it
is natural to ask if they have pure Hodge structures or mixed Hodge structures.

We now discuss the Hodge bundle on the Siegel modular variety A,. For
simplicity we take I' = I'y(n) with n > 3 instead of I';. We recall that I'y(n)
is a congruence subgroup of I'y consisting of matrices M € I'y such that M =
I54 (mod n). Let

X,(n) :=T,(n) x Z*\H, x CY
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be a family of abelian varieties of dimension g over A, (n) := T'y(n)\H,. We
recall that T'y(n) x Z29 acts on H, x CY freely by

(v, () - (2, 2) = (v- 2 (Z + X2+ p)(CQ+ D)),
A B
C D
using I'y, we need to work with orbifolds or stacks to have a universal family
X, = X,(n)/Splg, Z/nZ)
available. We observe that I'j(n) acts on Hy freely. Therefore we obtain a
vector bundle E = E, over A, (n) of rank g
E =E, :=T4(n)\(H, x C9).

This bundle E is called the Hodge bundle over Ay(n). The finite group
Sp(g,Z/n7Z) acts on E and a Sp(g, Z/nZ)-invariant section of (det E)®* with a
positive integer k comes from a Siegel modular form of weight & in My (T',). The
canonical line bundle #,(n) of A, (n) is isomorphic to (det E)®(9+1) . A holomor-
phic section of k4(n) corresponds to a Siegel modular form in My (T'y(n)) (cf.
Example 2). We note that the sheaf Q}L‘g(n) of holomorphic 1-forms on Ay(n)

where v = ely(n), A, peZd, Q ety and Z € CI9. If we insist on

is isomorphic to Symm?(E). This sheaf can be extended over a toroidal com-
pactification A, of A, to an isomorphism

Q}Jg (log D) = Symm?(E),

where the boundary D = Ag —A, is the divisor with normal crossings. Similarly
to each finite dimensional representation (p, V,) of GL(g,C), we may associate
the vector bundle

E, :=Ty(n)\(Hy x V)
by identifying (2, v) with (v - Q, p(CQ + D)v), where Q € Hy, v € V, and
v = (é IB;) € I'y(n). Obviously E, is a holomorphic vector bundle over
Ag(n) of rank dim V.

10. Subvarieties of the Siegel Modular Variety

Here we assume that the ground field is the complex number field C.

Definition 9.1. A nonsingular variety X is said to be rational if X is bira-
tional to a projective space P"(C) for some integer n. A nonsingular variety
X is said to be stably rational if X x P¥(C) is birational to PV (C) for certain
nonnegative integers k and N. A nonsingular variety X is called unirational if
there exists a dominant rational map ¢ : P*(C) — X for a certain positive
integer n, equivalently if the function field C(X) of X can be embedded in a
purely transcendental extension C(zy,--- , z,) of C.

Remarks 9.2. (1) It is easy to see that the rationality implies the stably
rationality and that the stably rationality implies the unirationality.

(2) If X is a Riemann surface or a complex surface, then the notions of ratio-
nality, stably rationality and unirationality are equivalent one another.
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(3) Griffiths and Clemens [21] showed that most of cubic threefolds in P4(C)
are unirational but not rational.

The following natural questions arise :

QUESTION 1. Is a stably rational variety rational? Indeed, the question was
raised by Bogomolov.

QUESTION 2. Is a general hypersurface X C P"T1(C) of degree d < n + 1
unirational ?

Definition 9.3. Let X be a nonsingular variety of dimension n and let Kx
be the canonical divisor of X. For each positive integer m € ZT, we define the
m-genus P, (X) of X by

P (X) := dime H(X,0(mKx)).
The number py(X) := Pi(X) is called the geometric genus of X. We let
N(X):={meZ"|P,(X)>1}.

For the present, we assume that N(X) is nonempty. For each m € N(X), we
let {¢o, -+ ,¢n,, } be a basis of the vector space H°(X,O(mKx)). Then we
have the mapping ®,,5, : X — P¥=(C) by

Prnrex(2) = (¢o(2) : -+ o, (2)), z€X.
We define the Kodaira dimension x(X) of X by
K(X) := max {dim¢ Py (X)| m e N(X) }.

If N(X) is empty, we put k(X) := —oo. Obviously x(X) < dim¢ X. A nonsin-
gular variety X is said to be of general type if K(X) = dim¢X. A singular variety
Y in general is said to be rational, stably rational, unirational or of general type
if any nonsingular model X of Y is rational, stably rational, unirational or of
general type respectively. We define

P,(Y):=P,(X) and k(Y):=kr(X).

A variety Y of dimension n is said to be of logarithmic general type if there
exists a smooth compactification Y of Y such that D := Y — Y is a divisor
with normal crossings only and the transcendence degree of the logarithmic
canonical ring
Sm_o H(Y, m(Ky + [D]))

is n + 1, i.e., the logarithmic Kodaira dimension of Y is n. We observe that
the notion of being of logarithmic general type is weaker than that of being of
general type.

Let A, := T',\H, be the Siegel modular variety of degree g, that is, the
moduli space of principally polarized abelian varieties of dimension g. It has
been proved that A is of general type for g > 6. At first Freitag [32] proved
this fact when g is a multiple of 24. Tai [134] proved this fact for g > 9 and
Mumford [102] proved this fact for g > 7. Recently Grushevsky and Lehavi [45]
announced that they proved that the Siegel modular variety Ag of genus 6 is of
general type after constructing a series of new effective geometric divisors on
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Ag. Before 2005 it had been known that A, is of general type for g > 7. On the
other hand, A, is known to be unirational for ¢ < 5 : Donagi [25] for g = 5,
Clemens [20] for g = 4 and classical for g < 3. For ¢ = 3, using the moduli
theory of curves, Riemann [111], Weber [142] and Frobenius [36] showed that
A3(2) :=T5(2)\Hj; is a rational variety and moreover gave 6 generators of the
modular function field K (I'3(2)) written explicitly in terms of derivatives of
odd theta functions at the origin. So Az is a unirational variety with a Galois
covering of a rational variety of degree [I's : I's(2)] = 1,451, 520. Here I'3(2)
denotes the principal congruence subgroup of I's of level 2. Furthermore it was
shown that Az is stably rational(cf. [80], [16]). For a positive integer k, we
let T'4(k) be the principal congruence subgroup of I'y of level k. Let Agy(k)
be the moduli space of abelian varieties of dimension g with k-level structure.
It is classically known that Ag4(k) is of logarithmic general type for k > 3 (cf.
[101]). Wang [141] proved that Az (k) is of general type for k > 4. On the other
hand, van der Geer [37] showed that A5 (3) is rational. The remaining unsolved
problems are summarized as follows :

Problem 1. Is A3 rational?
Problem 2. Are A4, Aj; stably rational or rational ?
Problem 3. What type of varieties are Ay (k) for g > 3 and k > 27

We already mentioned that A, is of general type if g > 6. It is natural to ask
if the subvarieties of A, (g > 6) are of general type, in particular the subvarieties
of Ay of codimension one. Freitag [35] showed that there exists a certain bound
go such that for g > go, each irreducible subvariety of A, of codimension one
is of general type. Weissauer [145] proved that every irreducible divisor of A,
is of general type for g > 10. Moreover he proved that every subvariety of
codimension < g — 13 in Ay is of general type for g > 13. We observe that the
smallest known codimension for which there exist subvarieties of A, for large
g which are not of general type is ¢ — 1. A; x A,_; is a subvariety of A, of
codimension g — 1 which is not of general type.

Remark. Let M, be the coarse moduli space of curves of genus g over C.
Then M, is an analytic subvariety of A, of dimension 3¢g — 3. It is known that
M, is unirational for g < 10. So the Kodaira dimension k(M) of M, is —o0
for g < 10. Harris and Mumford [48] proved that M, is of general type for odd
g with g > 25 and x(Ma3z) > 0.

11. Proportionality Theorem

In this section we describe the proportionality theorem for the Siegel modular
variety following the work of Mumford [101]. Historically F. Hirzebruch [55]
first described a beautiful proportionality theorem for the case of a compact
locally symmetric variety in 1956. We shall state his proportionality theorem
roughly. Let D be a bounded symmetric domain and let I' be a discrete torsion-
free co-compact group of automorphisms of D. We assume that the quotient
space X := I'\D is a compact locally symmetric variety. We denote by D the
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compact dual of D. Hirzebruch [55] proved that the Chern numbers of X1 are
proportional to the Chern numbers of D, the constant of proportionality being
the volume of X in a natural metric. Mumford [101] generalized Hirzebruch’s
proportionality theorem to the case of a noncompact arithmetic variety.

Before we describe the proportionality theorem for the Siegel modular vari-
ety, first of all we review the compact dual of the Siegel upper half plane Hj.
We note that H, is biholomorphic to the generalized unit disk D, of degree
g through the Cayley transform (2.7). We suppose that A = (Z29,( , )) is a
symplectic lattice with a symplectic form (, ). We extend scalars of the lattice
A to C. Let

P, = {LCC¥| dimcL=g, (2,y)=0 forallz,yeL}

be the complex Lagrangian Grassmannian variety parameterizing totally
isotropic subspaces of complex dimension g. For the present time being, for
brevity, we put G = Sp(g,R) and K = U(g). The complexification G¢ =
Sp(g,C) of G acts on Y, transitively. If H is the isotropy subgroup of G¢ fix-
ing the first summand CY, we can identify ), with the compact homogeneous
space G¢/H. We let

VF={LePy| —i(x,z) >0 forallz(£0)eL}

be an open subset of 2),. We see that G' acts on @g* transitively. It can be
shown that 9} is biholomorphic to G/K = H,. A basis of a lattice L € 9
is given by a unique 2g x g matrix *(—I, Q) with Q € H,. Therefore we can
identify L with € in H. In this way, we embed H, into ), as an open subset
of Q4. The complex projective variety 2, is called the compact dual of H,.

Let I be an arithmetic subgroup of I'y. Let Ey be a G-equivariant holo-
morphic vector bundle over Hy = G/K of rank n. Then Ej is defined by
the representation 7 : K — GL(n,C). That is, Ey =2 G xx C" is a homo-
geneous vector bundle over G/K. We naturally obtain a holomorphic vector
bundle E over Ay :=T'\G/K. E is often called an automorphic or arithmetic
vector bundle over A, r. Since K is compact, Ey carries a G-equivariant Her-
mitian metric hg which induces a Hermitian metric h on E. According to
Main Theorem in [101], F admits a unique extension E to a smooth toroidal
compactification flg)r of Ay r such that h is a singular Hermitian metric good
on A, . For the precise definition of a good metric on A, we refer to [101,
p.242]. According to Hirzebruch-Mumford’s Proportionality Theorem (cf. [101,
p- 262]), there is a natural metric on G/K = H, such that the Chern numbers
satisfy the following relation

(11.1) ¢ (E) = (—1)299 D) vol (T\H,) ¢ (Ey)

for all @ = (v, - -+ , @v,) with nonegative integers o; (1 <¢ <n)and >, a; =
% g(g + 1), where Ey is the Ge-equivariant holomorphic vector bundle on the
compact dual ), of H, defined by a certain representation of the stabilizer
Stabg,(e) of a point e in 4. Here vol (I'\H,) is the volume of I'\H,, that can
be computed (cf. [131]).
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Remark 11.1. Goresky and Pardon [41] investigated Chern numbers of an au-
tomorphic vector bundle over the Baily-Borel compactification X of a Shimura
variety X. It is known that X is usually a highly singular complex projective
variety. They also described the close relationship between the topology of X
and the characteristic classes of the unique extension TX of the tangent bundle
TX of X to a smooth toroidal compactification X of X.

12. Motives and Siegel Modular Forms

Assuming the existence of the hypothetical motive M (f) attached to a Siegel
modular form f of degree g, H. Yoshida [161] proved an interesting fact that
M(f) has at most g + 1 period invariants. I shall describe his results in some
detail following his papers [160, 161, 163].

First of all we start with listing major historical events concerning critical
values of zeta functions.

Around 1670, Gottfried W. Leibniz (1646-1716) found the following identity
Syl
3 5 7 4
k=0

In 1735, Leonhard Euler (1707-1783) discovered the following interesting iden-
tity
=1 w2
2 = _— = —
experimentally and also in 1742 showed the following fact

P
<(2n) €Q, n=1,23--cZ*
ﬂ—n

In 1899, Adolf Hurwitz (1859-1919) showed the following fact
22_4"/724" €Q, n=1,23,---€Z",

where z extends over all nonzero Gaussian integers and

) /1 da

w = —_—
o V1—uz4t

In 1959, Goro Shimura (1930- ) proved that

L(n,A)
=7 <n< = (=1)"
(27ri)”ci(A)€Q’ 1sn<s11, £1=(-1)7,
where
A(r) = Z T(n)q" =q H(l —q")*, q = exp(2miT)
n=1 n=1

is the cusp form of weight 12 with respect to SL(2,Z) and ¢t (A) € R*. Here

L(s,A) =Y T(f)

n
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is the L-function of A(7) and 7(n) is the so-called Ramanujan tau function
which has the following property

|7(p)] < 2p'Y/?  for all primes p.

The above property was proved by Pierre Deligne (1944- ) in 1974. For in-
stance, 7(2) = —24, 7(3) = 252, 7(5) = 4830, 7(7) = —16744, (11) =
534612, 7(13) = —577738.

In 1977, Shimura [130] proved in a similar way that for a Hecke eigenform
f € Skp(To(N),v) and o € Aut(C),

L(”ﬂf) U_ L(n,f") i B e
((Qm')nci(f)) = @ri)reE(fo) 1<n<k-1, £1=(-1)"

where ¢ (f?) € C*. By these results, it was expected that the critical values

of zeta functions are related to periods of integrals. Here the notion of critical
values, which is generally accepted now, can be defined as follows. Suppose that
a zeta function Z(s) multiplied by its gamma factor G(s) satisfies a functional
equation of standard type under the symmetry s — v —s. Then Z(n), n € Z
is a critical value of Z(s) if both of G(n) and G(v — n) are finite.

In 1979, Pierre Deligne [24] published a general conjecture which gives a
prediction on critical values of the L-function of a motive. For a nice concise
exposition of the theory of motives, we refer the reader to a paper of Jannsen
[69]. For more comprehensive information, we refer to [70].

Let E be an algebraic number field with finite degree [ = [E : Q]. Let Jg
be the set of all isomorphisms of E into C. We put R = E ®qg C. Let M be
a motive over Q with coefficients in E. Roughly speaking motives arise as
direct summands of the cohomology of a smooth projective algebraic variety
defined over Q. Naively they may be defined by a collection of realizations
satisfying certain axioms. A motive M has at least three realizations : the
Betti realization, the de Rham realization and the A-adic realization.

First we let Hg(M) be the Betti realization of M. Then Hg(M) is a free
module over E of rank d := d(M). We put Hg(M)¢ := Hg(M) ®¢C. We have
the involution F acting on Hp(M)c E-linearly. Therefore we obtain the the
eigenspace decomposition

(12.1) Hp(M)c = Hy (M) & Hy (M),
where Hj; (M) (resp. Hy(M)) denotes the (+1)-eigenspace (resp. the (—1)-
eigenspace) of Hp(M). We let d* (resp. d~) be the dimension H}; (M) (resp.

Hy(M)). Furthermore Hp(M)c has the Hodge decomposition into C-vector
spaces :

(12.2) Hp(M)c = @ H"(M),
P,qEL

where HP9(M) is a free R-module. A motive M is said to be of pure weight w :=
w(M) if HP1(M) = {0} whenever p + ¢ # w. From now on we shall assume
that M is of pure weight.
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Secondly we let Hpgr(M) be the de Rham realization of M that is a free
module over E of rank d. Let

(123)  Hon(M) = F" 2 F* 2.2 Fin 2 Pt = {0}

be a decreasing Hodge filtration so that there are no different filtrations between
successive members. The choice of members i, may not be unique for F*». For
the sake of simplicity, we assume that i, is chosen for 1 < v < m so that it is
the maxium number. We put

s, = rank H™"“ " (M), 1<v<m,

where rank means the rank as a free R-module. Let

I:Hg(M)c — Hpr(M)c = Hpr(M) ®g C
be the comparison isomorphism which satisfies the conditions
(12.4) 1| @ HP (M) | = FP @ C.

p'>p

According to (12.4), we get
s, = dimp F* —dimp Fi”“, dimp F¥ = Sy+Spp1+Fsm, 1<v<m.

We choose a basis {wi,---,wg} of Hpr(M) over E so that

{Wey 4504 tsy_141, - ,wa} is a basis of Fi» for 1 < v < m. We observe
that
(12.5) d=5s1+82+ -+, alls,>0withl<v<m.

We are in a position to describe the fundamental periods of M that Yoshida in-
troduced. Let {vf7 vy, ,U;li} (resp. {Uf, Vg, UL } ) be a basis of H (M)
(resp. Hg(M)) over E. Writing

d
+ + + .
(12.6) I(vy) = injwi, z; €R, 1<j<d*,
i=1
we obtain a matrix X+ = (z) € R@47) and a matrix X~ = (z;) € R4,

We recall that R0™™ denotes the set of all m x n matrices with entries in R.
Let Py be the lower parabolic subgroup of GL(d) which corresponds to the
partition (12.5). Let Py(E) be the group of E-rational points of Py;. Then
the coset of X+ (resp. X ™) in

Py (EN\RY) JGL(dT, E)  (vesp. Py(E)\R®?)/GL(d™, E))

is independent of the choice of a basis. We set Xp; = (X+, X~) € R(%_ Then
it is easily seen that the coset of X, in

Py (E)\R'*? /(GL(d*,E) x GL(d", E))

is independent of the choice of a basis, i.e., well defined. A d x d matrix
Xy = (X+,X7) is called a period matriz of M.
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For an m-tuple (a1, -+ ,a,) € Z™ of integers, we define a character A\; of
PM by
P 0 ... O
M : : = [[det(P)*, PjeGL(s), 1<j<m.
. ot
* P'”L

For a pair (k, k™) of integers, we define a character Ao of GL(d") x GL(d™)
by

A ((‘g g)) = (det A)* (det B)* , A€ GL(d"), B e GL(d).

A polynomial f on R(@® rational over Q is said to be of the type
{(a1, -+ ,am); (k*,k7)} or of the type (A1, A2) if f satisfies the following con-
dition

(12.7)  f(pzq) = M(p)A2(q) f(x) for all p € Py, ¢ € GL(dT) x GL(d™).

We now assume that f is a nonzero polynomial on R(®® of the type
{(a1, - ,am); (k*,k™)}. Let X3y = (X, X ) be a period matrix of a motive
M as before. Then it is clear that f(Xp) is uniquely determined up to mul-
tiplication by elements in E*. We call f(Xys) a period invariant of M of the
type {(al, o) (kT k:’)} Hereafter we understand the equality between
period invariants mod E*.

We now counsider the following special polynomials of the type (A1, A2) :
L. Let f(x) = det(z) for 2 € R(&4),

It is easily seen that f(z) is of the type {(1, 1+, 1); (1, 1)} Then f(X)
is nothing but Deligne’s period 6(M).
I1. Let f*(x) be the determinant of the upper left d* x d*-submatrix of z €
R4 Tt is easily checked that f*(z) is of the type

p+

—
{(1,1,...,1,0,...,0);(1,0)},
where p™T is a positive integer such that s; + sy 4+ -+ -+ Spt+ = dT. We note that
ST (X ) is Deligne’s period ¢ (M).
ITI. Let f~(z) be the determinant of the upper right d~ x d~-submatrix of z.
Then f~(z) is of the type

{(1,1,...,1,0,...,0); (0, 1)}

and f~ (X)) is Deligne’s period ¢~ (M). Here p~ is a positive integer such that
s1+82+ 48, =d.

Either one of the above conditions is equivalent to that FT (M), hence also
c*(M) can be defined (cf. [23], §1, [160], §2). We have FF (M) = F'v=+1(M);
F*(M) can be defined if M has a critical value. Let P = P(M) denote the
set of integers p such that sy + sy + -+ + s, < min(d*,d ™). Yoshida (cf. [161],
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Theorem 3) showed that for every p € P, there exists a non-zero polynomial
fp of the type
P m—2p P
—N— N —
{(2,...,2,1,...,1,0,...,0);(1,1) }

and that every polynomial satisfying (12.7) can be written uniquely as a mono-
mial of det(z), fT(z), f~(x), fp(z), p € P. We put ¢,(M) = f,(Xpn). We
call (M), ¢=(M), c,(M), p € P the fundamental periods of M. Therefore
any period invariant of M can be written as a monomial of the fundamental
periods. Moreover Yoshida showed that if a motive M is constructed from
motives My, - -, My of pure weight by standard algebraic operations then the
fundamental periods of M can be written as monomials of the fundamental pe-
riods of My, --- , M. He proved that a motive M has at most min(d*,d ™) + 2
fundamental periods including Deligne’s periods §(M) and ¢*(M).

Thirdly we let Hx(M) be the A-adic realization of M. We note that Hy (M)
is a free module over F) of rank d. We have a continuous A-adic representation
of the absolute Galois group Gg = Gal(Q/Q) on H)(M) for each prime A.
Also there is an isomorphism I, : Hg(M)®g Ex — Hx(M) which transforms
the involution F, into the complex conjugation.

We recall that an integer s = n is said to be critical for a motive M if
both the infinite Euler factors L..(M,s) and Lo, (M,s) are holomorphic at
s = n. Here L(M,s) denotes the complex L-function attached to M and M
denotes the dual motive of M. Such values L(M,n) are called critical values
of L(M, s). Deligne proposed the following.

Conjecture (Deligne [23]). Let M be a motive of pure weight and L(M,s)
the L-function of M. Then for critical values L(M,n), one has

L(M,n)
(270)d* ¢t (M)
Indeed Deligne showed that ¢*(M) € R* and Yoshida showed that other period
invariants are elements of R*.

Remark 12.1. The Hodge decomposition (12.2) determines the gamma factors
of the conjectural functional equation of L(M, s). Conversely the gamma factor
of the functional equation of L(M,s) determines the Hodge decomposition if
M is of pure weight.

Let f € Sk(I'y) be a nonzero Hecke eigenform on H,. Let Lg (s, f) and
Ly (s, f) be the standard zeta function and the spinor zeta function of f re-
spectively. For the sake of simplicity we use the notations Le (s, f) and Lgy (s, f)
instead of Dy (s) and Z(s) (cf. §8) in this section. We put w = kg — $g(g+1).
We have a normalized Petersson inner product (, ) on Si(I'y) given by

(F\F) = Vol(Fg\Hg)_l / |£(Q)? (det Y)k_g_l[dX][dY], F e S(Ty),
Fg\Hg
where Q = X 4+ 1Y € Hy with real X = (z4,), ¥ = (yu), [dX] = A
and [dY] =A<, dyuw-
We assume the following (A1)-(A6):

u<v dx .
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(A1) The Fourier coefficients of f are contained in a totally real algebraic
number field E.

(A2) There exist motives My (f) and M, (f) over Q with coefficients in E
satisfying the conditions

L<Mst(f)v 5) = (Lst(Sv fg))o-eJE and L(Msp(f)7 5) = (LSp(Sa fa))O—GJE'

(A3) Both Mg (f) and Mg, (f) are of pure weight.

(A4) We assume
2g+1

A\ Ma(f) = T(0),

Hp(M(f)) ®q C = HO’O(Mst(f))

B (H M) © B (M ().

i=1
We also assume that the involution F,, acts on H%?(Mg(f)) by (—1)9.
(A5) We assume

A Map(F) = T2 w),
Hp(Msp(f)) ®o C = @Hp’q(Msp(f))a

Pya
p=(k—ir)+(k—io)+ -+ (k—i), g=(k—ji)+(k—j2) + -+ (k—Js),
r+s=y, I<ip<---<ip<y, I<spn<--<Jjs<y,

{i, - i} U{, L ash ={12,...,9},
including the cases 7 = 0 or s = 0.

(A6) If w = kg — 2g(g+1) is even, then the eigenvalues +1 and —1 of F. on
HPP(Mgy,(f)) occur with the equal multiplicities.

Let Jg = {01,09,...,01}, | = [E : Q] and write x € R = C’# as x =
(M, 2@ .. 2®) () € C so that £ = 2 for x € E. Yoshida showed
that when k > 2¢, assuming Deligne’s conjecture, one has

(Mot () =7 (7, F) yes
He proved the following interesting result (cf. Yoshida [161], Theorem 14).

Theorem 12.1. Let the notation be the same as above. We assume that two
motives over Q having the same L-function are isomorphic (Tate’s conjecture).
Then there exist p1, p2, -+, pr € C*, 1 < r < g+ 1 such that for any
fundamental period ¢ € R* of Mg (f) or Mg,(f), we have

D = aﬂApillpgz R

with o € @X and non-negative integers A, a;, 1 <i <.

Remark 12.2. It is widely believed that the zeta function of the Siegel modular
variety Ay := I'j\H, can be expressed using the spinor zeta functions of (not
necessarily holomorphic) Siegel modular forms:

(5, Ag) =[] Le(s, £)-
f
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Yoshida proposed the following conjecture.
Conjecture (Yoshida [161]). If one of two motives My (f) and Myy(f) is

not of pure weight, then the associated automorphic representation to [ is not
tempered. Furthermore f can be obtained as a lifting from lower degree forms.
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